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Abstract
We study crepant resolutions of Weierstrass models of SU(2)×SU(3)-models, whose gauge group
describes the non-abelian sector of the Standard Model. The SU(2)×SU(3)-models are elliptic
fibrations characterized by the collision of two Kodaira fibers with dual graphs that are affine
Dynkin diagrams of type Ã1 and Ã2. Once we eliminate those collisions that do not have crepant
resolutions, we are left with six distinct collisions that are related to each other by deformations.
Each of these six collisions has eight distinct crepant resolutions whose flop diagram is a hexagon
with two legs attached to two adjacent nodes. Hence, we consider 48 distinct resolutions that are
connected to each other by deformations and flops. We determine topological invariants—such as
Euler characteristics, Hodge numbers, and triple intersections of fibral divisors—for each of the
crepant resolutions. We analyze the physics of these fibrations when used as compactifications of
M-theory and F-theory on Calabi–Yau threefolds yielding 5d N = 1 and 6d N = (1,0) supergravity
theories respectively. We study the 5d prepotential in the Coulomb branch of the theory and check
that the six-dimensional theory is anomaly-free and compatible with a 6d uplift from a 5d theory.
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1 Introduction
One of the most powerful consequences of string theory dynamics is that gauge theories can be
geometrically engineered by singularities [4, 41, 80]. In F-theory, the singularities are given by the
degenerations of the fiber of an elliptic fibration [11,67]. The F-theory picture naturally associates
to an elliptic fibration a reductive Lie group G, a Lie algebra g = Lie(G), and a representation R
of G. Such an elliptic fibration is called a G-model. The dual graphs of the singular fibers over the
generic points of the discriminant locus of the elliptic fibration determine the gauge algebra g.
The Lie group G is semi-simple when the discriminant of the elliptic fibration contains at least
two irreducible components ∆1 and ∆2 such that the dual graph of the singular fiber over the
generic point of ∆i (i = 1, 2) is reducible. These are called collisions of singularities and were first
studied by Bershadsky and Johanson [12]. The gauge group G depends on the gauge algebra and
the Mordell–Weil group of the elliptic fibration [62]. When the Mordell–Weil group is trivial, the
gauge group G is the unique compact, connected, and simply-connected Lie group with Lie algebra
g. The compact simply connected semi-simple Lie groups with rank 2 or 3 are
SU(2) × SU(2), SU(2) ×G2, SU(2) × Sp(4), and SU(2) × SU(3).
The SU(2) × SU(2)-, SU(2) × G2-, and SU(2)×SU(3)-models could be realized by non-Higgsable
clusters [66] as in [29,30,43]. There are subtleties in realizing an SU(3) as a non-Higgsable group as
discussed in Remark 2.1. The SU(2) × SU(2)-model, the SU(2) ×G2-model, and the Sp(4)-model
are studied respectively in [30], [29], and [31]. The individual SU(2) and SU(3)-models are studied
in [34,35] and the SU(2)×SU(3)-model (realized by the collision III+IVs) has been studied from the
point of view of string junctions in [43]. While the group SU(2)×SU(3) is famously the non-Abelian
gauge sector of the Standard Model of particle physics [8, §2.4], the SU(2)×SU(3)-model has never
been constructed explicitly as a nonsingular variety.
The purpose of this paper is to study the SU(2)×SU(3)-model with associated Lie algebra
E3 = A1 ⊕A2.
We define elliptic fibrations with collisions of singularities corresponding to a Lie algebra of type
E3, we study their geometry and topology, and explore the physics of compactifications of M-theory
and F-theory on such varieties when the elliptic fibration is a Calabi–Yau threefold. By definition,
an SU(2)×SU(3)-model is an elliptic fibration with a trivial Mordell–Weil group and a discriminant
locus containing two irreducible smooth components S and T such that the generic fiber over S and
T have respectively dual graphs of affine Dynkin type Ã1 and Ã2, while the Kodaira type of the fiber
over the generic point of any other irreducible component of the discriminant locus is of type I1 or II.
The SU(2)×SU(3)-models examined in this paper are defined by singular Weierstrass models, given
in Section 2, for which we construct explicit crepant resolutions in Section 3.1. Weierstrass models
provide convenient canonical birational models for elliptic fibrations since any elliptic fibration over
a smooth base is birational to a possibly singular Weierstrass model [18,19,68].
We show that there are six distinct types of collisions of singularities that define Weierstrass
models for SU(2)×SU(3)-models with crepant resolutions, namely:
Is2 + Is3, Ins2 + Is3, III + Is3, Is2 + IVs, Ins2 + IVs, III + IVs.
We show that each of the corresponding Weierstrass models has eight distinct crepant resolutions.
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These six SU(2)×SU(3)-models are deformation of each other, where the deformations commute
with the resolutions in a way such that the same eight sequences of three blowups are used for each
of the six realizations of the SU(2)×SU(3)-model. In total, we have a network of 48 distinct elliptic
fibrations connected by deformations and flops. All the crepant resolutions of the SU(2)×SU(3)-
models are listed in Section (3.1).
Ins2 + Is3 Is2 + Is3 III + Is3
Ins2 + IVs Is2 + IVs III + IVs
Figure 1: The six collisions of singularities that give Weierstrass models whose crepant resolutions
are smooth SU(2)×SU(3)-models. In this graph, each arrow indicates a specialization of a Weier-
strass model to another. The only collision that correspond to a non-Higgsable model is III + IVs.
1.1 Matter representation and connection to the Standard Model
The gauge group of the SU(2)×SU(3)-model is the non-Abelian sector of the Standard Model of
particle physics [8, §2.4]. In this paper, we consider this gauge theory in the context of five and six-
dimensional supergravity theories with minimal supersymmetry resulting from a compactification
of M-theory or F-theory on a Calabi–Yau threefold Y that corresponds to an elliptic fibration giving
an SU(2)×SU(3)-model. The representation R of the resulting 5d and 6d theory is reminiscent of
the representations of fermions of the Standard Model once we ignore the Abelian sector.
The weights of vertical curves over codimension-one loci of the discriminant locus determine a
representation R of g called the matter representation. See [23] and reference therein for details
on Weierstrass models, weights of curves, dual graphs, and G-models. We show that SU(2)×
SU(3)-models, defined over a base of dimension-two or higher, have vertical rational curves carrying
the weights of the following quaternionic representation R reminiscent of the representation F of
fermions of the Standard Model transforming non-trivially under SU(2)×SU(3):
R = (2,1)⊕ (1,3)⊕ (1, 3¯)⊕ (2,3)⊕ (2, 3¯)⊕ (3,1)⊕ (1,8),
F = (2,1)⊕ (1,3)⊕ (1, 3¯)⊕ (2,3)⊕ (2, 3¯),
where (r1, r2) is the product of the representation r1 of the Lie algebra of type A1 and the repre-
sentation r2 of A2, and r is the complex conjugate representation of r.
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In the Standard Model, left-handed leptons transform in the representation (2,1) of SU(2)×
SU(3), left-handed quarks transform in the representation (2,3), and right-handed up and down
quarks transform in the representation (1,3). Right-handed leptons are neutral under SU(2)×SU(3)
in the Standard Model, and we also have n0H = h2,1(Y ) + 1 neutral hypermultiplets in the SU(2)×
SU(3)-model (see equation (7.29)).
There are also differences: the SU(2)×SU(3)-model has hypermultiplets transforming under
the adjoints representations (3,1) and (1,8) while the Standard Model does not have fermions
1In particular, (3,1) is the adjoint representation of A1, (1,8) is the adjoint representation of A2, (2,1) is the
fundamental representation of A1, (1,3) is the fundamental representation of A2, and (2,3) is the bifundamental
representation of A1 ⊕A2.
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transforming in adjoint representations.
1.2 Geography of crepant resolutions of G-models and hyperplane arrangements
A crepant resolution is a resolution of singularities that preserves the canonical class. In the case
of surfaces, a crepant resolution is necessarily unique and always exists for du Val singularities.
Starting from dimension-three, crepant resolutions (when they exist) are not necessarily unique.
For normal threefolds with canonical singularities, the number of crepant resolutions is finite [53]
and two crepant resolutions are connected by flops [50]. A substitute for crepant resolutions are
terminal varieties and they always exist for varieties with canonical singularities [14]. In light of
the result of Kawamata [50], it follows from the celebrated results of [14] that minimal models are
connected by flops. Q-factorial terminal singularities are obstructions to the existence of crepant
resolutions as Q-factoriality implies that the exceptional set of any birational map is a divisor,
and being terminal implies that all the discrepancies are positive [56]. Canonical singularities, Q-
factorial singularities, terminal singularities, crepant resolutions, and flops are defined for example
in [55,61].
For G-models, the geography of flops can be described by the hyperplane arrangement I(g,R)
defined inside the dual fundamental Weyl chamber of g and whose hyperplanes are the kernel of
the weights of the representation R [21, 22,46]. In stringy geometry, this is a conjecture motivated
by the structure of the Coulomb branches of a five-dimensional N = 1 supergravity theory with
a gauge group G and matter transforming in the representation R [47]. As each Coulomb phase
corresponds to a unique crepant resolution of the Weierstrass model, flops corresponds to phase
transitions [79], and the different Coulomb phases correspond to the different connected domains in
which the prepotential is differentiable; the study of the structure of the 5d Coulomb branches boils
down to identifying the chambers of a hyperplane arrangement (see Section 7.1). Mathematically,
this fact can be understood by subdivision of a relative movable cone of any of the crepant resolution
over the Weierstrass model of a G-model into nef cones of each particular crepant resolution in the
spirit of [51,52,60] and [61, Theorem 12-2-7].
1′ 1
2′ 2
3′ 3
4′ 4
1
2
33′
2′
1′
44′
Figure 2: The chamber structure of I(E3 = A1 ⊕A2, (1,3) ⊕ (2,3)) and its adjacency graph. This
also represents the structure of the extended Ka¨hler cone of an SU(2)×SU(3)-model. See Figure 3
for more details on the walls separating the chambers.
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The network of flops of the SU(2)×SU(3)-model matches the hyperplane arrangement I(E3 =
A1⊕A2, (1,3)⊕ (2,3)), where (1,3)⊕ (2,3) is the direct sum of the bifundamental representation
of SU(2)×SU(3) and the fundamental representation of SU(3). The chamber structure of this
hyperplane arrangement is represented in Figure 2.
1.3 Topological invariants
The Euler characteristic of the elliptically-fibered Calabi–Yau threefold Y is instrumental in the
discussion of the gravitational anomalies of the six-dimensional supergravity theory when F-theory
is compactified on such Y [44]. The Hodge numbers of Y determines the number of vector multiplets
and neutral hypermultiplets in an M-theory compactification on Y [15]. In the case of Calabi–Yau
fourfolds, the Euler characteristic is relevant to the cancellation of the D3-brane tadpole [2,3,17,74].
The triple intersection numbers of divisors of a Calabi–Yau threefold Y give the Chern–Simons terms
of an M-theory compactification on Y .
While the Euler characteristic and the Betti numbers, are independent of the choice of a crepant
resolution as shown by Batyrev [9], the triple intersection numbers are not preserved by flops
and depend on a choice of a crepant resolution [47]. We compute the Euler characteristic of an
SU(2)×SU(3)-model over a base of arbitrary dimension in Theorem 3.5 in the spirit of [25, 27, 28].
Denoting by B the base of the fibration, by S and T the divisors supporting respectively the fiber
with dual graphs Ã1 and Ã2, and by L the first Chern class of the line bundle L of the Weierstrass
model (see Theorem 3.3), we have
χ(Y ) = 6 S2 − 2L − 3SL + 2(S2 − 3SL + S − 2L)T + (3S + 2)T 2(1 + S)(1 + T )(−1 − 6L + 2S + 3T ) c(TB).
We also determine the Hodge numbers of an SU(2)×SU(3)-model and the triple intersection
numbers in the case of the Calabi–Yau threefolds. Since the triple intersection numbers depend on
a choice of a resolution, we compute them for each of the crepant resolutions in Theorem 3.4.
h1,1(Y ) = 14 −K2, h2,1(Y ) = 29K2 + 15KS + 24KT + 3S2 + 6ST + 6T 2 + 14,
where K is the canonical class of the base B.
1.4 Compactification of M-theory to 5d N = 1 supergravity
We analyze the physics of the compactifications of M-theory and F-theory on elliptically-fibered
Calabi–Yau threefolds corresponding to SU(2)×SU(3)-models. These give five and six-dimensional
gauge theories coupled to supergravity theories with eight supercharges respectively. For the five-
dimensional supergravity theory, we compute the one-loop prepotential in the Coulomb branch (see
Theorem 7.1), and determine the Chern–Simons couplings, the number of vector multiplets, tensor
multiplets, and hypermultiplets. The Chern–Simons couplings are computed geometrically as triple
intersection numbers of fibral divisors in each Coulomb chamber (see Theorem 3.11).
The Chern–Simons levels are given by triple intersection numbers of divisors of the Calabi–
Yau threefolds and determine the prepotential of a five-dimensional supergravity theory from an
M-theory compactification on such Calabi–Yau threefolds [15]. Using such relation, we match the
triple intersection polynomial with the one-loop prepotential in each Coulomb chamber to obtain
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constraints on the number of charged hypermultiplets (see equation (7.2)). In many cases, such a
method will completely fix the number of multiplets [23,24,30,31,34]; however for the SU(2)×SU(3)-
model, we get linear constraints that does not fully determine the number of multiplets.2 However,
they can completely be fixed by using Witten’s genus formula, which is a five-dimensional result.
In the five-dimensional theory, we also determine the structure of the Coulomb chambers. Each
chamber corresponds to a specific crepant resolution that we determine explicitly.
If we denote the number of hypermultiplets transforming in the irreducible representation R as
nR and denote the curve supporting the gauge group SU(2) and SU(3) by S and T respectively,
and write K for the canonical class of the base of the elliptic threefold,3 we have:
n3,1 = 1
2
(K ⋅ S + S2 + 2), n1,8 = 1
2
(K ⋅ T + T 2 + 2),
n2,1 = −S ⋅ (8K + 2S + 3T ), n1,3 + n1,3¯ = −T ⋅ (9K + 3T + 2S), n2,3 + n2,3¯ = S ⋅ T.
Interpreting the number of charged hypermultiplets with the genus of the supporting curves of S
and T , denoted as g(S) and g(T ) respectively, we get
n3,1 = g(S), n1,8 = g(T ),
n2,1 = 16(1 − g(S)) + 6S2 − 3S ⋅ T, n1,3 + n1,3¯ = 18(1 − g(T )) + 6T 2 − 2S ⋅ T, n2,3 +n2,3¯ = S ⋅ T.
1.5 Compactification of F-theory to 6d N = (1,0) supergravity and cancellation
of anomalies
We also study in detail the anomaly cancellations of the six-dimensional theory. Considering the set
of equations from requiring the local anomalies in the six-dimensional theory to cancel, we determine
the unique solution of the number of charged hypermultiplets in each irreducible representation.
Using Sadov’s techniques [71], we check that anomalies are canceled explicitly by the Green-Schwarz
mechanism. The number of hypermultiplets in each irreducible representations for an anomaly-free
six-dimensional theory matches with those we get from the five-dimensional theories (see Section 7.3
for the discussion). This ensures that the five-dimensional theory can be uplifted to an anomaly-free
six-dimensional theory.
Furthermore, in this paper we show that the matter content of the 6d gauge theory is anomaly-
free. This theory can be still anomaly-free after an additional compactification on a Riemann surface
to four-dimensions if we impose the condition n3 = n3¯, which will naturally follow from the CPT
condition. For local gauge anomalies in four-dimensional spacetime, SU(2) is always anomaly-free
as all its representation are (pseudo)-real whereas the triangle diagram of SU(3) is anomaly-free
only when the number of matter transforming in the 3 and 3 are equal to each other, which will
naturally be satisfied if the CPT invariance is respected.
For global anomalies in four spacetime dimensions, one has to worry about SU(2) as it is subject
to Witten anomaly [81]. This is a direct consequence of the fact that the fourth homotopy group for
SU(N) is zero for N greater than two whereas for SU(2) it is a Z2. Thus, Witten anomalies from
SU(2) only vanishes when there is an even number of SU(2) doublet. Similarly, the global anomaly
2When we consider a model with a semisimple Lie algebra and a trivial Mordell–Weil group, we always get linear
constraints that does not fully determine the number of multiplets by matching the prepotential and the triple
intersection polynomial [29, 30,30,31].
3The genus g(S) of a supporting curve of S in a surface of canonical class K satisfies 2− 2g(S) = −S ⋅K −S2. The
same holds for the case of T as well.
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contributions from SU(2) and SU(3) in six-dimensions can be discussed by looking into the sixth
homotopy group for SU(2) and SU(3), which are given by Z12 and Z6 respectively. Bershadsky
and Vafa has shown that this yields the linear constraints on the number of hypermultiplets [13].
Considering these conditions only give a constraint on the genus of the curve S supporting the
SU(2) group: g(S) = 0 mod 3, as derived in Section 7.2.
1.6 Organization of this paper
The rest of the paper is structured as follows. In Section 2, we introduce the possible collisions
of fibers that produce SU(2)×SU(3)-models and define their Weierstrass models. In Section 3, we
describe the eight crepant resolutions of each of the six Weierstrass models introduced in Section
2. We also compute the Euler characteristic of the crepant resolutions and the triple intersection of
the fibral divisors. In the case of Calabi–Yau threefolds, we also compute the Hodge numbers. In
Section 4, we discuss the matter representations of the five and six-dimensional supergravity theories
with a gauge group SU(2)×SU(3), compute the adjacency graph of the hyperplane arrangement
associated with an SU(2)×SU(3)-model, and match the structure of the hyperplane arrangement
with the flopping curves of the crepant resolutions. In Sections 5 and 6, we study in detail the
crepant resolutions of the Is2+Is3-models and the III+ IVs-models respectively. In Section 7, we study
the consequences of our geometric results for the physics of F-theory and M-theory compactified on
an SU(2)×SU(3)-model. We first explain the number of multiplets of the five-dimensional theory
using geometric data. We further derive the unique number of charged hypers in each irreducible
representations in the uplifted six-dimensional theory canceling the local anomalies and show that
it matches that of the five-dimensional theory. We also study the gobal anomaly contributions of
the gauge group SU(2)×SU(3) [13].
2 The many faces of the SU(2)×SU(3)-model
In algebraic geometry, the notion of an irreducible variety depends on the choice of the underlying
field. A variety is said to be geometrically irreducible when it stays irreducible after any field
extension. Kodaira has introduced symbols to classify the type of the singular fibers of a minimal
elliptic surface [54]. Kodaira symbols can be used more generally to classify the geometric fibers
over generic points of the discriminant locus of an elliptic fibration of arbitrary dimension. The
types of the fibers over generic points of the discriminant locus of an elliptic fibration are classified
by decorated Kodaira fibers, as the Kodaira type classifies only the geometric fiber [19, §7.4.2]. The
decoration tracks the minimal field extension under which all fiber components of the generic fiber
become geometrically irreducible. Following [11], we use the decoration non-split (“ns”), semi-split
(“ss”), and split (“s”). The fibers of type I1, II, III, II
∗, and III∗ are always well-defined without
the need of a field extension. The fiber of type In (n ≥ 2), IV, IV∗, and I∗n can be split or non-split.
The Kodaira fiber of type I∗0 can come from three distinct type: I∗s0 , I∗ss0 , and I∗ns0 with respective
dual graphs D̃4, B̃3, and G̃2. The fiber I
∗ns
0 comes in two types as the minimal field extension can
be the cyclic group Z3 or the permutation group of three elements S3 [23].
There is a subtlety about the fiber I2: the fiber I
s
2 and I
ns
2 both have two geometrically irreducible
components intersecting at two geometric points forming a divisor of degree two on the curve. The
fiber Ins2 corresponds to the case where the two distinct points are well defined defined only after a
a quadratic field extension while the fiber of type Is2 does not require a field extension to define the
two points of intersection.
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There are several inequivalent decorated Kodaira fibers that have the same dual graph. The
SU(2)×SU(3)-model involves the only two root systems that are dual graphs of several distinct
Kodaira fibers. The dual graph of type Ã1 is shared by two different Kodaira fibers, while there are
five different Kodaira fibers with the dual graph Ã2, which is presented in Table 1.
Fibers Dual graph
Is2, I
ns
2 , I
ns
3 , III, IV
ns Ã1
Is3, IV
s Ã2
Table 1: Decorated Kodaira fibers with dual graph of Ã1 or Ã2.
The affine root system Ã1 ⊕ Ã2 is the dual graph of ten different pairs of decorated Kodaira
fibers. It follows that there are ten distinct ways to realize an SU(2)×SU(3)-model. Using Tate’s
algorithm, we realize these collisions as singular Weierstrass models by introducing specific valua-
tions of the coefficients with respect to the divisors over which the singular fibers are defined. The
minimal multiplicities for the coefficients ai are reproduced in Table 2.
a1 a2 a3 a4 a6 ∆
Is2 0 1 1 1 2 2
Ins2 0 0 1 1 2 2
Ins3 0 0 2 2 3 3
III 1 1 1 1 2 3
IVns 1 1 1 2 2 4
Is3 0 1 1 2 3 3
IVs 1 1 1 2 3 4
Table 2: Valuations of the coefficients of the Weierstrass models used in this paper for the Kodaira
fibers of type Is2, I
ns
2 , I
ns
3 , III, IV
ns, Is3, and IV
s to define SU(2) and SU(3)-models [11,19,48,77]. The
valuation of the discriminant ∆ follows from the other valuations.
However, not all corresponding Weierstrass models have a crepant resolution. In this paper,
we only consider those Weierstrass models that have crepant resolutions. In particular, we do not
use Ins3 or IV
ns to realize Ã1, as the Kodaira fibers of type I
ns
3 and IV
ns have Q-factorial terminal
singularities. Such singularities are obstructions for the existence of crepant resolutions4 (this
follows, for example, from [14, Lemma 3.6.2]). Thus, we consider only the following six cases of
collisions:
Is2 + Is3, Ins2 + Is3, III + Is3, Is2 + IVs, Ins2 + IVs, III + IVs.
4The possible physical relevance of Q-factorial terminal singularities in F-theory is explored in [6, 42].
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The corresponding Weierstrass models are listed in equation (2.1):
Ins2 + Is3 ∶ y(y + a1x + ã3st) = x3 + ã2tx2 + ã4st2x + ã6s2t3,
Is2 + Is3 ∶ y(y + a1x + ã3st) = x3 + ã2stx2 + ã4st2x + ã6s2t3,
Is2 + IVs ∶ y(y + ã1tx + ã3st) = x3 + ã2stx2 + ã4st2x + ã6s2t3,
Ins2 + IVs ∶ y(y + ã1tx + ã3st) = x3 + ã2tx2 + ã4st2x + ã6s2t3,
III + Is3 ∶ y(y + ã1sx + ã3st) = x3 + ã2stx2 + ã4st2x + ã6s2t3,
III + IVs ∶ y(y + ã1stx + ã3st) = x3 + ã2stx2 + ã4st2x + ã6s2t3.
(2.1)
We assume that the coefficients a1 and ãi (i = 1,2,3,4,6) are algebraically independent and S = V (s)
and T = V (t) are smooth divisors intersecting transversally. The variables s (resp. t) is a section of
the normal bundle of the divisor S (resp. T ). In each case, the Kodaira fiber over the generic point
of S (resp. T ) has a dual graph of type Ã1 (resp. Ã2). The difference between these models are
the valuations of the Weierstrass coefficients a1 and a2 with respect to S and T , which are listed in
Table 2. The discriminant locus of each Weierstrass model is given by
∆ = s2+at3+b(⋯),
where a is related to S = V (s) and b to T = V (t), a = 0 for Kodaira fibers of types Is2 and Ins2 , a = 1
for Kodaira fibers of type III, b = 0 for Kodaira fibers of type Is3, and b = 1 for Kodaira fibers of type
IVs. We observe that the reduced discriminant locus is composed of three irreducible components.
The fiber degenerates further at the intersection of these three components and we study them to
determine the type of matter.
Remark 2.1. As seen on Table 2, the fiber IVs becomes the fiber IVns when the Weierstrass
coefficient a6 is deformed by a term of valuation two. Such a deformation does not commute with
the resolution and changes the gauge group from SU(3) to SU(2). However, the resulting SU(2)
has Q-factorial terminal singularities. Moreover, these groups SU(2) and SU(3) coming from fibers
IVns and IVs are strongly coupled and related to Argyres-Douglas theories [5, 67], both give in
the weak coupling limit of type IIB string theory an SO(6) gauge theory [33]. The non-Higgsable
group corresponding to a fiber of type IV is SU(2) as generically a fiber of type IV is a IVns. A
non-Higgsable model of type IVs will require a very particular setting to avoid the existence of a
deformation to the fiber IVns as it will break the gauge group from SU(3) to SU(2).
3 Geometry
In this section, we collect the geometric data – crepant resolutions, Euler characteristic, Hodge
numbers, triple intersection numbers– of the SU(2)×SU(3)-models. In Section 3.1, we present eight
sequences of blowups that each give crepant resolutions of all six Weierstrass models from equation
(2.1). In total, this results in 48 distinct SU(2)×SU(3)-models. In Section 3.2, we summarize the
main pushforward theorems we use to compute the geometric data of SU(2)×SU(3)-models. Since
two smooth n-dimensional projective algebraic variety over C connected by a crepant birational map
have the same Betti numbers [9, Theorem 4.2], all the crepant resolutions of Weierstrass models of
an SU(2)×SU(3)-model have the same Euler characteristic. In Section 3.3, we give a generating
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function for the Euler characteristic of an SU(2)×SU(3)-model. In the case of Calabi–Yau threefolds,
we also compute the Hodge numbers of the SU(2)×SU(3)-models. In the case of a threefold, we
also compute the Hodge numbers and the triple intersection numbers in Section 3.4. In Section 3.5,
we discuss the various non-Kodaira fibers obtain from the resolutions of the SU(2)×SU(3)-models,
we summarize them in Table 3.
3.1 Crepant resolutions
We use the following convention. Let X be a nonsingular variety. Let Z ⊂ X be a complete
intersection defined by the transverse intersection of r hypersurfaces Zi = V (gi), where gi is a
section of the line bundle Ii and (g1,⋯, gr) is a regular sequence. We denote the blowup of a
nonsingular variety X along the complete intersection Z by
X X̃.
(g1,⋯, gr ∣e1)
The exceptional divisor is E1 = V (e1). We abuse notation and use the same symbols for x, y, s, ei
and their successive proper transforms. We also do not write the obvious pullbacks.
Assuming some mild regularity conditions on the coefficients of the Weierstrass equations, each
of the following eight sequences of blowups gives a different crepant resolution of any of the SU(2)×
SU(3)-model given by the Weierstrass models in equation (2.1):
Resolution I ∶ X0 X1 X2 X3(x, y, s∣e1) (x, y, t∣w1) (y,w1∣w2) ,
Resolution II ∶ X0 X1 X2 X3(x, y, p0∣p1) (y, p1, t∣w1) (p0, t∣w2) ,
Resolution III ∶ X0 X1 X2 X3(x, y, t∣w1) (x, y, s∣e1) (y,w1∣w2) ,
Resolution IV ∶ X0 X1 X2 X3(x, y, t∣w1) (y,w1∣w2) (x, y, s∣e1) ,
Resolution I′ ∶ X0 X1 X2 X3(x, q, s∣e1) (x, q, t∣w1) (q,w1∣w2) ,
Resolution II′ ∶ X0 X1 X2 X3(x, q, p0∣p1) (q, p1, t∣w1) (p0, t∣w2) ,
Resolution III′ ∶ X0 X1 X2 X3(x, q, t∣w1) (x, q, s∣e1) (q,w1∣w2) ,
Resolution IV′ ∶ X0 X1 X2 X3(x, q, t∣w1) (q,w1∣w2) (x, q, s∣e1) ,
(3.1)
where q = y + a1x + a3 and p0 = st.
We observe that the sequences of blowups that define the first four resolutions are exactly the
same as the sequence of blowups that define the resolutions of the SU(2)×G2-model [29].
The birational map connecting the resolution I to I′ (resp. II to II′, III to III′, and IV to IV′)
is induced by the involution σ ∶ [x ∶ y ∶ z] → [−q ∶ x ∶ z] of the Weierstrass model. Fiberwise, the
involution σ is the inverse map of the Mordell–Weil group: it maps a point P to its opposite −P
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with respect to the Mordell–Weil group law. This is familiar from [35–37]. The birational maps
induced by σ are pseudo-isomorphisms of the crepant resolutions over the Weierstrass model, as
they are isomorphisms in codimension-one.
With the exceptions of resolutions II and II’, all of the resolutions are defined by sequences
of blowups around centers that are smooth, complete intersections. The resolutions II and II′ are
also defined by a sequence of blowups; however, one of the blowups does not have a smooth center
but still defines a regular sequence. Fortunately, this condition is enough to use the pushforward
theorems and compute the topological invariants as in the other cases.
3.2 Intersection theory and blowups
We compute geometric data of the SU(2)×SU(3)-models using intersection theory. Our computations
rely on three theorems. Each crepant resolution of SU(2)×SU(3)-models is given as a sequence of
three blowups, which is listed in equation (3.1). The first is a theorem of Aluffi that gives the Chern
class of a blowup along a local complete intersection. The second theorem is a pushforward theorem
that provides a user-friendly method to compute invariants of the resolved space in terms of the
original space. The last theorem gives a simple method to pushforward analytic expressions in the
Chow ring of a projective bundle to the Chow ring of its base.
Theorem 3.1 (Aluffi, [1, Lemma 1.3]). Let Z ⊂ X be the complete intersection of d nonsingular
hypersurfaces Z1, . . . , Zd meeting transversally in X. Let f ∶ X̃ Ð→X be the blowup of X centered
at Z. We denote the exceptional divisor of f by E. The total Chern class of X̃ is then:
c(TX̃) = (1 +E)( d∏
i=1
1 + f∗Zi −E
1 + f∗Zi ) f∗c(TX). (3.2)
Theorem 3.2 (Esole–Jefferson–Kang, see [25]). Let the nonsingular variety Z ⊂ X be a complete
intersection of d nonsingular hypersurfaces Z1, . . . , Zd meeting transversally in X. Let E be the
class of the exceptional divisor of the blowup f ∶ X̃ Ð→X centered at Z. Let Q̃(t) = ∑a f∗Qata be a
formal power series with Qa ∈ A∗(X). We define the associated formal power series Q(t) = ∑aQata,
whose coefficients pullback to the coefficients of Q̃(t). Then the pushforward f∗Q̃(E) is
f∗Q̃(E) = d∑`=1Q(Z`)M`, where M` =
d∏
m=1
m≠`
Zm
Zm −Z` .
Theorem 3.3 (Esole–Jefferson–Kang, see [25] and [2, 3, 32, 40]). Let L be a line bundle over
a variety B and pi ∶ X0 = P[OB ⊕ L ⊗2 ⊕ L ⊗3] Ð→ B a projective bundle over B. Let Q̃(t) =∑a pi∗Qata be a formal power series in t such that Qa ∈ A∗(B). Define the auxiliary power series
Q(t) = ∑aQata. Then
pi∗Q̃(H) = −2 Q(H)
H2
∣
H=−2L + 3 Q(H)H2 ∣H=−3L + Q(0)6L2 ,
where L = c1(L ) and H = c1(OX0(1)) is the first Chern class of the dual of the tautological line
bundle of pi ∶X0 = P(OB ⊕L ⊗2 ⊕L ⊗3)→ B.
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3.3 Euler characteristics and Hodge numbers
When an elliptic fibration is defined by the resolution of a singular Weierstrass model by a sequence
of blowups with smooth centers defining regular embeddings, there are powerful pushforward theo-
rems to compute its Euler characteristic in few simple algebraic manipulations [25].
Remark 3.4. All the Weierstrass models of the SU(2)×SU(3)-models and the SU(2)×G2-models [29]
share four crepant resolutions that are given by the same sequences of blowups (Resolutions I, II,
III, and IV). Hence, the SU(2)×SU(3)-model for a choice of (B, S,T ,L ) and the SU(2)×G2-model
defined with the same choice of (B, S,T ,L ), have the same the same Euler characteristics as formal
expressions in S, T , L, c(TB). Likewise, since SU(2)×SU(3) and SU(2)×G2 have the same rank,
their Hodge numbers are also identical in the Calabi–Yau threefold case.
Theorem 3.5. The generating polynomial of the Euler characteristic of an SU(2)×SU(3)-model
obtained by a crepant resolution of a Weierstrass model given in Section 3.1:
χ(Y ) = 6 S2 − 2L − 3SL + 2(S2 − 3SL + S − 2L)T + (3S + 2)T 2(1 + S)(1 + T )(−1 − 6L + 2S + 3T ) c(TB).
Proof. See [29, Theorem 2.5].
By direct expansion and specialization, we have the following three lemmas [29]:
Lemma 3.6. For an elliptic threefold, the Euler characteristic is
χ(Y3) = −6(−2c1L + 12L2 + S2 − 5SL + 2ST − 8LT + 2T 2).
Lemma 3.7. In the case of a Calabi–Yau threefold, by applying c1 = L = −K, we have
χ(Y3) = −6(10K2 + S2 + 5SK + 2ST + 8KT + 2T 2).
Lemma 3.8. The Euler characteristic for an elliptic fourfold is given by
χ(Y4) = −6 (−2c2L − 72L3 + 12c1L2 + c1S2 − 5c1SL + 2c1ST − 8c1LT + 2c1T 2+S3 − 15S2L + 6S2T + 54SL2 − 44SLT + 9ST 2 + 84L2T − 34LT 2 + 4T 3) .
Lemma 3.9. The same Calabi–Yau condition c1 = L = −K is applied to get the Euler characteristic
for a Calabi–Yau fourfold:
χ(Y4) = −6 (2c2K + 60K3 + S3 + 14S2K + 6S2T + 49SK2 + 42SKT + 9ST 2 + 76K2T + 32KT 2 + 4T 3) .
Theorem 3.10. In the Calabi–Yau case, the Hodge numbers of an SU(2)×SU(3)-model given by
the crepant resolution of a Weierstrass model given in Section 3.1 are
h1,1(Y ) = 14 −K2, h2,1(Y ) = 29K2 + 15KS + 24KT + 3S2 + 6ST + 6T 2 + 14.
Proof. See [29, Theorem 2.10].
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3.4 Triple intersection numbers
Let Y be a crepant resolution of an SU(2)×SU(3)-model defined by one of the crepant resolutions
f ∶ Y → Y0 given in Section 3.1. Assuming that Y is a threefold, the triple intersection polynomial
of Y is a polynomial containing the divisors (Da ⋅Db ⋅Dc) ∩ [Y ]. We express a triple intersection
polynomial of the SU(2)×SU(3)-model as a polynomial in ψ0, ψ1, φ0, φ1, and φ2 that couples
respectively with the fibral divisors Ds0, D
s
1, D
t
0, D
t
1, and D
t
2. The pushforward is expressed in the
base by pushing forward to the Chow ring of X0 and then to the base B. We recall that pi ∶X0 → B
is the projective bundle in which the Weierstrass model is defined. Then,
Ftrip = ˆ
Y
[(ψ0Ds0+ψ1Ds1+φ0Dt0+φ1Dt1+φ2Dt2)3] = ˆ
B
pi∗f∗[(ψ0Ds0+ψ1Ds1+φ0Dt0+φ1Dt1+φ2Dt2)3].
Once the classes of the fibral divisors are determined, all that is left is to compute the pushforward
to the base B using the pushforward theorems of Section 3.2.
Theorem 3.11. The triple intersection polynomial of an SU(2)×SU(3)-model defined by the crepant
resolutions in Section 3.1 is
• Resolution I:
F
(I)
trip = − 2S(2L + S)ψ31 − 6STψ1 (φ21 − φ2φ1 + φ22) − 4T (T −L)φ31− 3T (5L − S − 2T )φ21φ2 − 3T (−4L + S + T )φ1φ22 − T (5L − 2S + T )φ32+ 4S(L − S)ψ30 + 6S(S − 2L)ψ20ψ1 + 12LSψ0ψ21− 2Tφ30(−2L + S + 2T ) + φ20 (3T (φ1 + φ2) (−2L + S + T ) − 6STψ1)+ 3Tφ0 (2φ1 (Lφ2 + Sψ1) + φ21(L − S) + φ22(L − S) − 2S (ψ0 − ψ1)2 + 2Sψ1φ2)
• Resolution II:
F
(II)
trip = − S(4L + 2S − T )ψ31 + 3T (−5L + S + 2T )φ21φ2 − 3T (−4L + S + T )φ1φ22 + 4T (L − T )φ31+ T (−5L + S − T )φ32 − 3STψ21φ2 − 3STψ1 (2φ21 − 2φ1φ2 + φ22)− S(−4L + 4S + T )ψ30 + 3S(−4L + 2S + T )ψ20ψ1 + 3S(4L − T )ψ0ψ21 − T (−4L + S + 4T )φ30+ 3Tφ20 (−S(ψ0 + ψ1) − (2L − T )φ2) + 3Tφ0 (Lφ22 − S (ψ0 − ψ1)2 + 2Sψ0φ2)+ 3Tφ02φ1(−2L + S + T ) + 3Tφ0φ1 (φ1(L − S) + 2Lφ2 + 2Sψ1) − 3STψ0φ2 (ψ0 − 2ψ1 + φ2) .
• Resolution III:
F
(III)
trip = − 2S(2L + S − T )ψ31 − T (−4L + S + 4T )φ31 − 3T (5L − S − 2T )φ21φ2− 3T (−4L + S + T )φ1φ22 − T (5L − S + T )φ32 − 3STψ1 (φ1 − φ2)2 − 3STψ21 (φ1 + φ2)− 2S(−2L + 2S + T )ψ30 + ψ20 (6Sψ1(−2L + S + T ) − 3ST (φ1 + φ2))+ ψ0 (−6Sψ21(T − 2L) + 6STψ1 (φ1 + φ2) − 3ST (φ21 + φ22)) + 4Tφ30(L − T )+ φ20 (3T (φ1 + φ2) (T − 2L) − 6STψ0) + 3Tφ0 (φ1 + φ2) (L (φ1 + φ2) + 2Sψ0)
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• Resolution IV:
F
(IV)
trip = S(−4L − 2S + 3T )ψ31 − 4T (T −L)φ31 − 3T (5L − 2T )φ21φ2− 3T (T − 4L)φ1φ22 − T (5L + T )φ32 − 6STψ21φ2+ ψ20 (3Sψ1(−4L + 2S + 3T ) − 6STφ2) + 3Sψ0 (ψ21(4L − 3T ) + 4Tψ1φ2)− 6STψ0 (φ21 − φ2φ1 + φ22) + S(4L − 4S − 3T )ψ30 + 4Tφ30(L − T )+ φ20 (3T (φ1 + φ2) (T − 2L) − 6STψ0) + 3Tφ0 (φ1 + φ2) (L (φ1 + φ2) + 2Sψ0)
The triple intersection polynomials for the resolutions I′, II′, III′, and IV′ are respectively derived
from those of the resolutions I, II, III, and IV by the involution φ1 ↔ φ2.
Proof. We give the proof for the case of Resolution I discussed in detail in Section 5.1, the other
cases follow the same pattern.
Ftrip = ˆ
Y
[(ψ0Ds0 + ψ1Ds1 + φ0Dt0 + φ1Dt1 + φ2Dt2)3]
= ˆ
X3
[(ψ0Ds0 + ψ1Ds1 + φ0Dt0 + φ1Dt1 + φ2Dt2)3(3H + 6L − 2E1 − 2W1 −W2)]
= ˆ
X0
f1∗f2∗f3∗[(ψ0Ds0 + ψ1Ds1 + φ0Dt0 + φ1Dt1 + φ2Dt2)3(3H + 6L − 2E1 − 2W1 −W2)]
= ˆ
B
pi∗f1∗f2∗f3∗[(ψ0Ds0 + ψ1Ds1 + φ0Dt0 + φ1Dt1 + φ2Dt2)3(3H + 6L − 2E1 − 2W1 −W2)].
The classes of the fibral divisors in the Chow ring of X3 are[Ds0] = S −E1, [Ds1] = E1, [Dt0] = T −W1, [Dt1] =W1 −W2, [Dt2] =W2.
Denoting by M an arbitrary divisor in the class of the Chow ring of the base B, the nonzero
intersection numbers of the products of M , H, E1, W1, and W2 areˆ
Y
E31 = −2S(2L + S), ˆ
Y
W 31 = −2T (2L − S + T ), ˆ
Y
MW 21 = −2TM,ˆ
Y
W 32 = −T (5L − 2S + T ), ˆ
Y
W 21E1 = −2ST, ˆ
Y
W 21W2 = T (−2L + S − T ), ˆ
Y
ME21 = −2SM,ˆ
Y
W 22E1 = −2ST, ˆ
Y
W 22W1 = T (−L + S − 2T ), ˆ
Y
E1W1W2 = −ST,
ˆ
Y
HM = 3M, ˆ
Y
H2M = −9LM, ˆ
Y
H3 = 27L2, ˆ
Y
MW 22 = −2TM,
where the right-hand-side of each equality is computed in the Chow ring of the base B, the push-
forward for fi∗ (i = 1,2,3) are obtained via Theorem 3.2, the pushforward for pi∗ uses Theorem 3.3.
The triple intersection numbers of the fibral divisors follow from these by simple linearity.
The triple intersection polynomials computed in Theorem 3.11 are very different from each other
in chambers I, II, III, and IV. In chamber III, we get all possible ten homogeneous monomials in
ψ1, φ1 and φ2. In chamber II, we get nine of them (ψ
2
1φ1 is missing); in chamber I, we are missing
two (ψ21φ1 and ψ
2
1φ2); in chamber IV, we are missing four ( ψ
2
1φ1, ψ1φ
2
1, ψ1φ
2
2 and ψ1φ1φ2). These
facts become handy when comparing the triple intersection polynomials with the prepotentials in
Section 7.1.
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3.5 Non-Kodaira fibers
The SU(2)×SU(3)-models have a particularly rich fiber structure with various types of non-Kodaira
fibers. We have identified a total of thirteen non-Kodaira fibers over points in codimension-two or
three in the base, which are all summarized in Table 3. The fiber structure of each models studied
in this paper is described in Appendix A. Two of these non-Kodaira fibers appear for the first time
in the literature. They are contraction of the fiber I∗2 appearing over codimension codimension-three
points in the base in the crepant resolution II or IV of the collision I2+IV
s. They are related to the
sequence A1+A2 →D5 → D6. All the non-Kodaira fibers obtained at the collision of S and T can be
derived by removing certain nodes on the Kodaira fibers I∗0 , I∗1 , I∗2 , IV∗, or III∗. Away from S ∩ T ,
there is also a non-Kodaira fiber that appears in the specialization of the fiber of type III. The
phenomena that non-Kodaira fibers of a flat fibration are contractions of Kodaira fibers has been
noticed by Miranda in the particular case of his regularization of elliptic threefolds [63] and also in
generalizations of Miranda’s models to n-folds as studied by Szydlo [75]. Cattaneo argues in [16]
that this is always the case for flat elliptic threefolds that are crepant resolutions of Weierstrass
models. The study of crepant resolutions of singular Weierstrass models and the geography of their
flops is an essential endeavor in stringy geometry and has been studied for many models producing
in this way most of the known non-Kodaira fibers [16,20,23,24,26,29–32,35–37,57,59,63,65,75,76].
4 Hyperplane arrangements and geography of flops
In Section 4.1, we discuss matter representations of the SU(2)×SU(3)-model in five and six-
dimensional theories with eight supercharges from Katz-Vafa method and confirm its perfect match
with the representations computed from the geometry.
In Section 4.2, we study the hyperplane arrangement I(A1 ⊕A2, (1,3)⊕ (2,3)). The full repre-
sentation of the SU(2)×SU(3)-model is R = (2,1)⊕ (1,3)⊕ (1, 3¯)⊕ (2,3)⊕ (2, 3¯)⊕ (3,1)⊕ (1,8).
However, the hyperplane arrangement I(A1 ⊕ A2,R) has the same chamber structure as I(A1 ⊕
A2, (1,3) ⊕ (2,3)) since the adjoints only define the exterior walls of the dual fundamental Weyl
chamber, taking care of the redundancy, and noticing that ((2,1)) does not contribute interior
walls, it is sufficient to consider (1,3)⊕ (2,3) only.
In Section 4.3, we match the chamber of the hyperplane arrangement I(A1 ⊕A2, (1,3)⊕ (2,3))
with the crepant resolutions as inspired by their interpretation as Coulomb branches of a five-
dimensional gauge theory discussed in Section 7.1.
4.1 Geometric weights and matter representations
An important geometric data is the representation R under which the matter fields transform. This
representation is characterized by its weights, which are computed geometrically by intersection
numbers of fibral divisors with vertical curves over codimension-two points. We do not add by hand
the chiral conjugates of representations; all representations are seen explicitly by their weights via
fibers given by the geometry. Starting from a collection of weights, we determine the representation
by using the notion of saturated set of weights borrowed from Bourbaki. See [23, 24] for more
information.
The representation R that we obtain from purely geometric considerations is consistent with
what one would indirectly guess using the Katz-Vafa method [49]. But the Katz-Vafa method can
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fail for certain models such as the SU(2)× G2 model, while the method of saturations of weight still
provides the correct representation R as discussed in [29]. The sector of R that does not contain
fundamental representations can be derived from the branching rule of the adjoint representation of
maximal embedding A1⊕A2 → A4 while the fundamental representations follow from the branching
rule of the adjoints of the maximal embedding A1 → A2 and A2 → A3:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
24 Ð→ (3,1)⊕ (1,8)⊕ (2,3)⊕ (2, 3¯)⊕ (1, 1¯),
15 Ð→ 8⊕ 3⊕ 3¯⊕ 1,
8 Ð→ 3⊕ 2⊕ 2¯⊕ 1. (4.1)
A frozen representation is a representation ρ whose weights are carried by certain curves of the
elliptic fibration over codimension-two points in the base, but no hypermultiplet is charged under
ρ [24, 29]. When compactified to a five-dimensional or six-dimensional supergravity theory with
eight supercharges, matter in these adjoint representations are frozen when the curves support-
ing the components of the gauge group are smooth rational curves since the number of adjoint
hypermultiplets is given by the arithmetic genus of the curve supporting the gauge group.
4.2 Hyperplane arrangement
We consider the semi-simple Lie algebra
g = A1 ⊕A2.
An irreducible representation of A1⊕A2 is the tensor product r1⊗r2, where r1 and r2 are respectively
irreducible representations of A1 and A2. Following a common convention in physics, we denote a
representation of An by its dimension in bold character. The weights are denoted by $
I
j where the
upper index I denotes the representation RI and the lower index j denotes a particular weight of
the representation RI. A weight of a representation of A1 ⊕A2 is denoted by a triple (a; b, c) such
that (a) is a weight of A1 and (b, c) is a weight of A2, all in the basis of fundamental weights. We
use the same notation for coroots. Let φ = (ψ1;φ1, φ2) be a vector of the coroot space of A1 ⊕A2
in the basis of the fundamental coroots. Each weight $ defines a linear form φ ⋅ $ defined by
the natural evaluation on a coroot. We recall that fundamental coroots are dual to fundamental
weights. Hence, with our choice of conventions, φ ⋅$ is the usual Euclidian scalar product.
To study the hyperplane arrangement, it is not necessary to consider the full representation
R = (2,1) ⊕ (1,3) ⊕ (1, 3¯) ⊕ (2,3) ⊕ (2, 3¯) ⊕ (3,1) ⊕ (1,8) since the adjoints only define the dual
fundamental Weyl chamber and 3 and 3¯ defer only by a sign. Thus, we use without loss of generality
the representation R as:
R = (2,1)⊕ (1,3)⊕ (2,3), (4.2)
which is the sum of the fundamental of A1, the fundamental of A2, and the bifundamental repre-
sentations of A1 and A2. We study the arrangement of hyperplanes perpendicular to the weights of
the representation R inside the dual fundamental Weyl chamber of A1 ⊕A2.
The open dual fundamental Weyl chamber is the half cone defined by the the positivity of the
linear form induced by the simple roots:
ψ1 > 0, 2φ1 − φ2 > 0, −φ1 + 2φ2 > 0. (4.3)
The weight system of the representation 2 of A1 and the representation 3 of A2 are
2 ∶ $21 = 1, $22 = −1 (4.4)
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3 ∶ $31 = (1,0), $32 = (−1,1), $33 = (0,−1). (4.5)
The weights of the representation (2,1), (1,3) and (2,3) are (in the Cartan’s basis of fundamental
weights). All the relevant weights are given in Table 4.
Theorem 4.1. The hyperplane arrangement I(A1 ⊕ A2, (1,3) ⊕ (2,3)) has eight chambers whose
sign vectors (with respect to the forms ($(1,3)2 , $(2,3)5 , $(2,3)4 , $(2,3)3 , $(2,3)2 )) are as listed in Table
5. The corresponding adjacency graph is given in Figure 3.
Proof. There are five hyperplanes intersecting the interior of the dual fundamental Weyl chamber:
$
(1,3)
2 , $
(2,3)
2 , $
(2,3)
3 , $
(2,3)
4 , and $
(2,3)
5 . We use them in the order ($(1,3)2 , $(2,3)5 , $(2,3)4 ,
$
(2,3)
3 , $
(2,3)
2 ), the sign vector is (−φ1 + φ2,−ψ1 − φ1 + φ2,−ψ1 + φ1, ψ1 − φ2, ψ1 − φ1 + φ2). Keeping
in mind the conditions in equation (4.3) defining the open dual fundamental Weyl chamber, the
results follow from a direct check of all possible signs and the chambers are listed on Table 5.
4.3 Correspondence between the geometry and the representation theory
In this section, we match the crepant resolutions of Section 3.1 and the chambers of the hyperplane
arrangement I(g,R) of Table 5. The graph of flops between the crepant resolutions is isomorphic
to the adjacency graph of the chambers of the hyperplane arrangement, but the isomorphism is
not canonical since the graph has a Z2 automorphism. A simple way to fix the identification is to
compare the triple intersection numbers in each resolution, which are given by Theorem 3.11, and
the prepotentials computed in each chamber, which are given by Theorem 7.1.
In Section 3, we described eight different possible resolutions. There is a Z2 symmetry in the
the structures of the resolutions mapping resolutions I, II, III, IV and the resolutions I′, II′, III′,
IV′ and induced by the inverse map of the Mordell–Weil group. Similarly, we see the Z2 symmetry
in the adjacent graph of the chambers between the chambers 1, 2, 3, 4 and the chambers 1′, 2′, 3′,
4′. This can be observed easily in Figure 3.
We see the explicit correspondence between the chambers and the resolutions as
I↔ 1, II↔ 2, III↔ 3, IV↔ 4,
I′ ↔ 1′, II′ ↔ 2′, III′ ↔ 3′, IV′ ↔ 4′. (4.6)
We can also compute the weight of the flopping curve between pairs of resolutions connected by a
flop, and compare it with the weight of the wall between the adjacent chambers. As an illustration,
we treat the case of Is2+Is3-models and show that that the weights of the flopping curves, which are
derived in Section 5.5, match the weights of the walls in Figure 3. This solidifies the duality between
the chambers and the resolutions, which is represented by the complete structure of the resolutions
and the adjacent graph of the chambers juxtaposed in Figure 3.
The dual fundamental Weyl chamber is identified with the relative movable cone of a crepant
resolution Y → Y0 over the Weierstrass model Y0. This cone is an invariant of minimal models in
the same birational class [61, §12-2]. The nef cone of any crepant resolution is then identified with a
chamber of the hyperplane arrangement I(g,R). In particular, two nef cones whose interior coincide
represent the same crepant resolution. An interior walls of I(g,R) corresponds to a geometric weight
observed up to a sign between two distinct crepant resolutions separated by a flop. Two crepant
resolutions have nef cones separated by an interior wall they they are connected by an extremal
flop [61, Propostion 12-2-2].
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I∗0 1 2 2 2
I∗1
2
2 2
2
2 2
I∗2 2 2 2 2 2 2 2
IV∗ 2 2 2 3 2
2
2 2
III∗ 2 3 2
Table 3: These are the non-Kodaira fibers observed for the SU(2)×SU(3)-models organized by the
type of the resulting Kodaira fibers with contracted nodes. When there is a possible ambiguity,
the node that touches the zero section is colored in black. The last two fibers in the row of I∗2 are
observed for the first time.
Representation Weights(2,1) $(2,1)1 = (1; 0,0) $(2,1)2 = (−1; 0,0)(1,3) $(1,3)1 = (0; 1,0) $(1,3)2 = (0;−1,1) $(2,1)3 = (0; 0,−1)(2,3) $(2,3)1 = (1; 1,0) $(2,3)2 = (1;−1,1) $(2,3)3 = (1; 0,−1)
$
(2,3)
4 = (−1; 1,0) $(2,3)5 = (−1;−1,1) $(2,3)6 = (−1; 0,−1)
Table 4: Weights of the representations
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Subchambers $
(1,3)
2 $
(2,3)
5 $
(2,3)
4 $
(2,3)
3 $
(2,3)
2 Explicit description
1○ + − − + + 0 < φ2 − φ1 < φ1 < φ2 < ψ1
2○ + − − − + 0 < φ2 − φ1 < φ1 < ψ1 < φ2
3○ + − + − + 0 < φ2 − φ1 < ψ1 < φ1 < φ2
4○ + + + − + 0 < ψ1 < φ2 − φ1 < φ1 < φ2
1’○ − − − + + 0 < φ1 − φ2 < φ2 < φ1 < ψ1
2’○ − − + + + 0 < φ1 − φ2 < φ2 < ψ1 < φ1
3’○ − − + − + 0 < φ1 − φ2 < ψ1 < φ2 < φ1
4’○ − − + − − 0 < ψ1 < φ1 − φ2 < φ2 < φ1
Table 5: Chambers of the hyperplane arrangement I(A1 ⊕ A2,R) with R = (1,3) ⊕ (2,3). We
will get exactly the same structure if we take the representation R = (2,1) ⊕ (1,3) ⊕ (2,3) since
the representation (2,1) does not contribute any hyperplane intersecting the interior of the dual
fundamental Weyl chamber.
I′
II′
III′
IV′
I
II
III
IV
X0 X1
(x, y, s∣e1)
X0 X1
(x, y, t∣w1)
X0 X1
(x, y, p0∣p1)
$1,32
$2,34 $
2,3
3
$2,32 $
2,3
5
1
2
33′
2′
1′
$
(2,3)
3
$
(2,3)
4
$
(1,3)
2
$
(2,3)
3
$
(2,3)
4
$
(1,3)
2
44′
$
(2,3)
5$
(2,3)
2
Figure 3: Left: the complete structure of the resolutions of SU(2)×SU(3). This is a two-
dimensional patch of the entire three-dimensional cones. Hence, every point (resp. line) on this
picture represents a line (resp. surface). Accordingly, these eight triangles are the three-dimensional
triangular cones. The point in the top of the triangle is the resolution that resolves the SU(2), and
the bottom-middle point of the triangle is the first resolution that resolves SU(3) only. The point in
the middle of the triangle is the point that describes the blow-up that mixes both SU(2) and SU(3).
All these three points are connected as expected and it works as the plane of the mirrors. Right:
the adjacent graph of the eight chambers of I(g,R) with g = A1 ⊕A2 and R = (1,3)⊕ (2,3).
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5 The Is2+Is3 Model
In this section, we study the fiber structure of the crepant resolutions of the Is2+Is3 model defined by
the following Weierstrass equation:
Y0 ∶ y2 + a1xy + ã3sty = x3 + ã2stx2 + ã4st2x + ã6s2t3. (5.1)
5.1 Resolution I
Resolution I is defined by the following sequence of blowups:
X0 = P(OB ⊕L ⊗2 ⊕L ⊗3) X1 X2 X3(x, y, s∣e1) (x, y, t∣w1) (y,w1∣w2) , (5.2)
where X0 is the projective bundle in which the Weierstrass model is defined; each successive blowup
produces a projective bundle over the center of the blowup. The projective coordinates of the fibers
of the successive projective bundles are[e1w1w2x ; e1w1w22y ; z = 1][w1w2x ; w1w22y ; s][x ; w2y ; t][y ; w1]. (5.3)
The proper transform of Y0 is denoted Y and is a smooth elliptic fibration:
Y ∶ y(w2y + a1x + ã3st) = w1(e1x3 + ã2se1tx2 + ã4st2x + ã6s2t3). (5.4)
We denote by Dsa and D
t
a the irreducible fibral divisors that project to S and T :
Is2 ∶ ⎧⎪⎪⎨⎪⎪⎩ D
s
0 ∶ s = y(w2y + a1x) −w1e1x3 = 0
Ds1 ∶ e1 = y(w2y + a1x + ã3st) −w1(ã4st2x + ã6s2t3) = 0 (5.5)
Is3 ∶
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Dt0 ∶ t = y(w2y + a1x) −w1e1x3 = 0
Dt1 ∶ w1 = w2y + a1x + ã3st = 0
Dt2 ∶ w2 = y(a1x + ã3st) −w1(e1x3 + ã2se1tx2 + ã4st2x + ã6s2t3) = 0 (5.6)
The generic fiber of Dsa (resp. D
t
a) over S (resp. T ) is denoted as C
s
a (resp. C
t
a). The fiber structure
away from the intersection S ∩ T is well understood from the study of the individual SU(2) and
SU(3)-models [35]. The generic fiber over the intersection of S and T is of type Is5 as in Figure 4,
which is produced by the following splittings of Csa and C
t
a.
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0
Cs1 η
0A
1 + η0B1 + η11 + η21
Ct0 η
0A
1 + η0B1 + η00
Ct1 η
1
1
Ct2 η
2
1
(5.7)
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct0 → η00 ∶ s = t = y(w2y + a1x) −w1e1x3 = 0
Cs1 ∩Ct0 → η0A1 ∶ e1 = t = y = 0, η0B1 ∶ e1 = t = w2y + a1x = 0
Cs1 ∩Ct1 → η11 ∶ e1 = w1 = w2y + a1x + ã3st = 0
Cs1 ∩Ct2 → η21 ∶ e1 = w2 = y(a1x + ã3st) − st2w1(ã4x + ã6st) = 0
(5.8)
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η00
η0B1
η11 η
2
1
η0A1
Figure 4: Fiber over the generic point of the locus S ∩ T in Resolution I of the Is2+Is3-model.
The curves η00, η
1
1, and η
2
1 have the same weights as C
s
0, C
t
1, and C
t
2, respectively. The curves
η0A1 (resp. η
0B
1 ) has zero intersection with D
t
1 (resp. D
t
2). The intersection of the curves composing
the fiber Is5 with the fibral divisors are listed on Table 6.
Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 -2 2 0 0 0 [-2;0,0] (3,1)
η21 0 0 1 1 -2 [0;-1,2] (1,8)
η11 0 0 1 -2 1 [0;2-1] (1,8)
η0A1 1 -1 -1 0 1 [1;0,-1] (2,3)
η0B1 1 -1 -1 1 0 [1;-1,0] (2, 3¯)
Table 6: Weights of vertical curves and representations in the resolution I of the Is2+Is3-model.
The weights of the curves η00, η
2
1, and η
1
1 are are among the weights of the adjoint representation
while the weights of the curves η0A1 and η
0B
1 are respectively in the bifundamental representation(2,3) and (2, 3¯).
The fiber Is5 can degenerate in two different ways by following the degenerations of η
0B
1 and
η21. The curve η
0B
1 degenerates at V (a1), and η21 is a conic that degenerates at the zero locus of
its discriminant. The generic fiber over S ∩ T ∩ V (a1) is a non-Kodaira fiber corresponding to a
contracted fiber of type IV∗ described in Figure 5. The generic fiber over S ∩ T ∩ V (a1ã6 − ã3ã4)
is an I26 fiber obtained by the degeneration of the conic η
2
1 into two lines intersecting transversally
(see Figure 6).
On S ∩ T ∩ V (a1) ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
η00 Ð→ η00 ∶ s = t = w2y2 −w1e1x3 = 0
η0A1 Ð→ η0A1 ∶ e1 = t = y = 0
η0B1 Ð→ η0A1 ∶ e1 = t = y = 0, η021 ∶ e1 = t = w2 = 0
η11 Ð→ η11 ∶ e1 = w1 = w2y + ã3st = 0
η21 Ð→ η021 ∶ e1 = w2 = t = 0, η21 ∶ e1 = w2 = ã3y − tw1(ã4x + ã6st) = 0
(5.9)
On S ∩ T ∩ V (a1ã6 − ã3ã4) ∶ η21 Ð→ ⎧⎪⎪⎨⎪⎪⎩η
2A
1 ∶ a1x + ã3st = 0,
η2B1 ∶ ã3y − ã6st2w1 = 0 (5.10)
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η00 η
0A
1
2
η21
η021
2
η11
Figure 5: Fiber over the generic point of the locus S ∩T ∩V (a1) in Resolution I of the Is2+Is3-model.
η00 η
0B
1
η11
η2A1η
2B
1
η0A1
Figure 6: Fiber over the generic point of the locus S ∩ T ∩ V (a1ã6 − ã3ã4) in Resolution I of the
Is2+I
s
3-model.
As it is clear from equation (5.10), the curve η2A1 will degenerate to a surface over S∩T∩V (a1, ã3).
For that reason, we assume that the base is at most a threefold to ensure that the fibration is flat.
5.2 Resolution II
In this section, we study the resolution II. In contrast to the other resolutions, some of the centers
of the blowups that define resolutions II and II’ are singular. In particular, the first blowup in the
sequence of blowups that defines resolution II has a singular center. In order to describe the first
blowup, it is useful to rewrite the equation (5.1) as
Y0 ∶ ⎧⎪⎪⎨⎪⎪⎩y(y + a1x + ã3p0) = x
3 + ã2p0x2 + ã4p0tx + ã6p20t
p0 = st . (5.11)
The resolution II is then given by the following sequence of blowups
X0 X1 X2 X3
(x, y, p0∣p1) (y, t, p1∣w1) (t, p0∣w2)
, (5.12)
where X0 = P[OB ⊕L ⊗2 ⊕L ⊗3]. The projective coordinates on X3 are then
[p1w1x ∶ p1w21y ∶ z = 1][x ∶ w1y ∶ p0w2][y ∶ tw2 ∶ p1][t ∶ p0], (5.13)
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and the proper transform is
Y ∶ ⎧⎪⎪⎨⎪⎪⎩y(w1y + a1x + ã3p0w2) = p1x
3 + ã2p0p1w2x2 + ã4p0tw22x + ã6p20tw32
p0p1 = st . (5.14)
The variety X1 = Bl(x,y,p0)X0 has double point singularities at p0 = p1 = s = t = 0. The fibral divisors
of Y are
Is2 ∶ ⎧⎪⎪⎨⎪⎪⎩ D
s
0 ∶ s = p0 = y(w1y + a1x) − p1x3 = 0
Ds1 ∶ s = p1 = y(w1y + a1x + ã3p0w2) − tw22(ã4p0x + ã6p20w2) = 0 (5.15)
Is3 ∶
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Dt0 ∶ w2 = p0p1 − st = y(w1y + a1x) − p1x3 = 0
Dt1 ∶ t = p1 = w1y + a1x + ã3p0w2 = 0
Dt2 ∶ w1 = p0p1 − st = y(a1x + ã3p0w2) − (p1x3 + ã2p0p1w2x2 + ã4p0tw22x + ã6p20tw32) = 0
(5.16)
At the intersection of S and T the fiber enhances to an Is5. This is realized by the following
splittings of the curves.
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0 + η20
Cs1 η
0
1 + η11 + η21
Ct0 η
0
0 + η01
Ct1 η
1
1
Ct2 η
2
0 + η21
(5.17)
The curves at the intersection are given by
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct0 → η00 ∶ s = p0 = w2 = y(w1y + a1x) − p1x3 = 0,
Cs0 ∩Ct2 → η20 ∶ s = p0 = w1 = a1y − p1x2 = 0,
Cs1 ∩Ct0 → η01 ∶ s = p1 = w2 = w1y + a1x = 0,
Cs1 ∩Ct1 → η11 ∶ s = p1 = t = w1y + a1x + ã3p0w2 = 0,
Cs1 ∩Ct2 → η21 ∶ s = p1 = w1 = y(a1x + ã3p0w2) − p0tw22(ã4x + ã6p0w2) = 0.
(5.18)
This corresponds to Is5 as in Figure 7. The curve η
2
1 is quadratic in x, y, and p0 with the discriminant
a1(a1ã6 − ã3ã4).
Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 -1 1 -1 0 1 [-1;0,-1] (2,3)
η20 -1 1 1 0 -1 [-1;0,1] (2, 3¯)
η11 0 0 1 -2 1 [0;2,-1] (1,8)
η01 1 -1 -1 1 0 [1;-1,0] (2, 3¯)
η21 1 -1 0 1 -1 [1;-1,1] (2,3)
Table 7: Weights of vertical curves and representations in the resolution II of the Is2+Is3-model.
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η00
η20
η21 η
1
1
η01
Figure 7: Fiber over the generic point of the locus S ∩ T in Resolution II of the Is2+Is3-model.
There are two enhancements when the discriminant of the curve η21 vanishes. First enhancement
is when a1 = 0:
On S ∩ T ∩ V (a1) ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
η20 η
2
01
η01 η
02
1
η21 η
2
01 + η021 + η21
, (5.19)
where the new curves are given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
η201 ∶ s = p0 = p1 = w1 = 0
η021 ∶ s = p1 = w2 = w1 = 0
η21 ∶ s = p1 = w1 = ã3y − ã4tw2x − ã6p0tw22 = 0 . (5.20)
For this codimension-three enhancement, we get a non-Kodaira fiber that is an incomplete fiber of
type IV∗, as illustrated in Figure 8.
η00
η21
η11η
02
1
2
η201 2
Figure 8: Fiber over the generic point of the locus S∩T ∩V (a1) in Resolution II of the Is2+Is3-model.
The other specialization is when (a1ã6 − ã3ã4), where η21 splits into two curves that intersect
each other such that
on S ∩ T ∩ V (a1ã6 − ã3ã4) ∶ η21 Ð→ η2A1 + η2B1 , (5.21)
while all the other fibers are the same. except η21. The resulting fiber is a Kodaira fiber of type I6
as in Figure 9.
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η00
η20η
2A
1
η2B1
η11 η
0
1
Figure 9: Fiber over the generic point of the locus S ∩ T ∩ V (a1ã6 − ã3ã4) in Resolution II of the
Is2+I
s
3-model.
5.3 Resolution III
The resolution III is defined by the following sequence of blowups:
X0 X1 X2 X3
(x, y, t∣w1) (x, y, s∣e1) (y,w1∣w2)
(5.22)
The projective coordinates are then given by
[e1w1w2x ; e1w1w22y ; z = 1][e1x ; e1w2y ; t][x ; w2y ; s][y ; w1]. (5.23)
The proper transform of the elliptic fibration for the resolution III is the same as equation (5.4)
and the five fibral divisors are thus identical to those listed on the equation (5.6).
As before, we have a fiber of type Is2 over the generic point of S and fiber of type I
s
3 over the
generic point of T . At the collision of S and T , the different curves are
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct0 → η00 ∶ s = t = y(w2y + a1x) −w1e1x3 = 0
Cs0 ∩Ct1 → η10 ∶ s = w1 = w2y + a1x = 0
Cs0 ∩Ct2 → η20 ∶ s = w2 = a1y − e1w1x2 = 0
Cs1 ∩Ct1 → η11 ∶ e1 = w1 = w2y + a1x + ã3st = 0
Cs1 ∩Ct2 ∶→ η21 ∶ e1 = w2 = y(a1x + ã3st) − st2w1(ã4x + ã6st) = 0
(5.24)
The splittings of curves are
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0 + η10 + η20
Cs1 η
1
1 + η21
Ct0 η
0
0
Ct1 η
1
0 + η11
Ct2 η
2
0 + η21
(5.25)
This corresponds to Is5, which is represented in Figure 10.
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η00
η20
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Figure 10: Fiber over the generic point of the locus S ∩ T in Resolution III of the Is2+Is3-model.
From the splittings of the curves, we compute the intersection numbers to get the weight vectors
and further deduce the representations.
Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 0 0 -2 1 1 [0;-1,-1] (1,8)
η10 -1 1 1 -1 0 [-1;1,0] (2,3)
η11 1 -1 0 -1 1 [1;1,-1] (2, 3¯)
η21 1 -1 0 1 -1 [1;-1,1] (2,3)
η20 -1 1 1 0 -1 [-1;0,1] (2, 3¯)
Table 8: Weights of vertical curves and representations in the resolution III of the Is2+Is3-model.
This has two further specializations when the discriminant of η21 vanishes. The first enhancement
is when a1 = 0. We observe the following splittings for the elliptical fibrations:
On S ∩ T ∩ V (a1) ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
η00 Ð→ η00 ∶ s = t = w2y2 −w1e1x3 = 0
η10 Ð→ η120 ∶ s = w1 = w2 = 0
η20 Ð→ η120 ∶ s = w2 = w1 = 0, η201 ∶ s = w2 = e1 = 0
η11 Ð→ η11 ∶ e1 = w1 = w2y + ã3st = 0
η21 Ð→ η201 ∶ e1 = w2 = s = 0, η21 ∶ e1 = w2 = ã3y − tw1(ã4x + ã6st) = 0
(5.26)
The splittings from the five divisors to the codimension-three enhancement when a1 = 0 is
On S ∩ T ∩ V (a1) ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0 + η120 + η201
Cs1 η
2
01 + η11 + η21
Ct0 η
0
0
Ct1 η
12
0 + η11
Ct2 η
12
0 + η201 + η21.
(5.27)
The generic fiber over S∩T ∩V (a1) is a non-Kodaira fiber illustrated in Figure 11 and corresponding
to an incomplete fiber of type IV∗.
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Figure 11: Fiber over the generic point of the locus S∩T∩V (a1) in Resolution III of the Is2+Is3-model.
Now consider the other condition, a1ã6 = ã3ã4, to get the other specialization. The curve η21
splits into two fibers intersecting each other:
on S ∩ T ∩ V (a1ã6 − ã3ã4) ∶ η21 η2A1 + η2B1 . (5.28)
Thus, we get a fiber enhancement of type Is6, which is represented in Figure 12.
η00 η
2
0
η2B1
η2A1η
1
1
η10
Figure 12: Fiber over the generic point of the locus S ∩ T ∩ V (a1ã6 − ã3ã4) in Resolution III of the
Is2+I
s
3-model.
5.4 Resolution IV
The resolution IV is given by the following sequence of blowups:
X0 X1 X2 X3
(x, y, t∣w1) (y,w1∣w2) (x, y, s∣e1)
. (5.29)
Its projective coordinates are then given by
[e1w1w2x ; e1w1w22y ; z = 1][e1x ; e1w2y ; t][e1y ; w1][x ; y ; s]. (5.30)
The proper transform of the elliptic fibration for the resolution III is the same as equation (5.4) and
the five fibral divisors are thus identical to the equation (5.6). At the intersection of both divisors
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S and T , we get the following curves:
On S ∩ T ∩ V (a1) ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct0 Ð→ η00 ∶ s = t = y(w2y + a1x) −w1e1x3 = 0,
Cs0 ∩Ct1 Ð→ η10 ∶ s = w1 = w2y + a1x = 0,
Cs0 ∩Ct2 Ð→ η2A0 ∶ s = w2 = x = 0, η2B0 ∶ s = w2 = a1y −w1e1x2 = 0,
Cs1 ∩Ct2 Ð→ η21 ∶ e1 = w2 = y(a1x + ã3st) − st2w1(ã4x + ã6st) = 0.
(5.31)
From the five fibral divisors, we summarize the splittings of the curves to be the following.
On S ∩ T ∩ V (a1) ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0 + η10 + η2A0 + η2B0
Cs1 η
2
1
Ct0 η
0
0
Ct1 η
1
0
Ct2 η
2A
0 + η2B0 + η21.
(5.32)
This corresponds to Is5 as it is represented in Figure 13.
η00
η2B0
η21 η
2A
0
η10
Figure 13: Fiber over the generic point of the locus S ∩ T in Resolution IV of the Is2+Is3-model.
The intersection numbers are computed using the equation (5.32) to get the weights and the
representations of the curves.
Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 0 0 -2 1 1 [0;-1,-1] (1,8)
η10 0 0 1 -2 1 [0;2,-1] (1,8)
η2A0 -1 1 0 1 -1 [-1;-1,1] (2,3)
η21 2 -2 0 0 0 [2;0,0] (3,1)
η2B0 -1 1 1 0 -1 [-1;0,1] (2, 3¯)
Table 9: Weights of vertical curves and representations in the resolution IV of the Is2+Is3-model.
This has two further specializations in codimension-three. The first specialization is when a1 = 0.
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We observe the following splittings for the elliptical fibrations
on S ∩ T ∩ V (a1) ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
η00 Ð→ η00 ∶ s = t = w2y2 −w1e1x3 = 0,
η10 Ð→ η120 ∶ s = w1 = w2 = 0,
η2A0 Ð→ η2A0 ∶ s = w2 = x = 0,
η2B0 Ð→ η120 ∶ s = w2 = w1 = 0, η201 ∶ s = w2 = e1 = 0, η2A0 ∶ s = w2 = x = 0,
η21 Ð→ η201 ∶ e1 = w2 = s = 0, η21 ∶ e1 = w2 = ã3y − tw1(ã4x + ã6st) = 0.
(5.33)
For this codimension-three fiber enhancement, we get a specialization of E6, as it is represented in
Figure 14.
η00 η
12
0
2
η2A0
3
η201
2
η21
Figure 14: Fiber over the generic point of the locus S∩T∩V (a1) in Resolution IV of the Is2+Is3-model.
The other specialization is when a1ã6 = ã3ã4. Then all the other fibers are the same except η21,
which splits into two curves intersecting each other:
on S ∩ T ∩ V (a1ã6 − ã3ã4) ∶ η21 η2A1 + η2B1 . (5.34)
For this codimension-three enhancement, we get a fiber of type I6
s as in Figure 15.
η00 η
2
0
η2B1
η2A1η
1
1
η10
Figure 15: Fiber over the generic point of the locus S ∩ T ∩ V (a1ã6 − ã3ã4) in Resolution IV of the
Is2+I
s
3-model.
5.5 Flops
In this section, we discuss the flops between the resolutions I, II, III, and IV. We recall that the
resolutions I′, II′, III′, IV′ are their mirrors under the birational map induced by the involution
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of the Mordell–Weil group. We consider the case of the Is2+Is3 model analyzed in Section 5. The
other case follows the same scheme. When there is a simple flop between two resolutions, if the
flopping curve has weights ω in one of the resolutions, is replaced in the other by a curve of weights−ω. Each resolution corresponds to a minimal model over the Weierstrass model. Hence, in the
hyperplane arrangement, each resolution corresponds to a specific chamber. When two resolutions
are connected by a flop of a curve of weight ω, the hyperplane separating the corresponding chamber
is exactly the hyperplane ω perpendicular to ω. It follows that a chamber is uniquely defined by
its possible flopping curves. We determine in Table 10 all the flopping curves and show that their
weights coincide with the hyperplanes separating two chambers of the hyperplane arrangement.
These curves are identified with their corresponding weights from Table 4. This result matches
with the analysis in Figure 3, which completes the correspondence between the geometry and the
representation theory.
Flopping curves Weight
Resolution I: η0A1 [1; 0,−1] (2,3) ↔ Resolution II: η20 [−1; 0,1] (2, 3¯) ω(2,3)3
Resolution II: η11 [1;−1,0] (2, 3¯) ↔ Resolution III: η10 [−1; 1,0] (2,3) ω(2,3)4
Resolution III: η11 [1; 1,−1] (2, 3¯) ↔ Resolution IV: η2A0 [−1;−1,1] (2,3) ω(2,3)5
Table 10: The fibers that is the one that separates between the chambers and thus responsible for
flops in the Is2+Is3-model. The weight of the contracted curve in a (terminal) flop connecting two
resolutions is normal to the facet common to the closures of the corresponding chambers in the
hyperplane arrangement.
6 The III+IVs Model
In this section, we study the fiber structure of the crepant resolutions of the III+ IVs-model defined
by the following Weierstrass equation:
Y0 ∶ y2 + ã1stxy + ã3sty = x3 + ã2stx2 + ã4st2x + ã6s2t3, (6.1)
where the fiber III and IVs are the fibers over the generic point of S = V (s) and T = V (t) respectively.
It corresponds to the low-right corner of Figure 1. In particular, the fiber over S and T cannot
specialize further while preserving their dual graphs (and hence, the gauge group SU(2)×SU(3)).
In [43], this model was explored using the point of view of string junctions.
Here, we analyze the geometry of the crepant resolutions of the III + IVs-model. The triple
intersection numbers are the same as those of the Is2+Is3-model. The fiber over the generic point
of S ∩ T is a non-Kodaira fiber corresponding to a fiber of type IV∗ with some nodes contracted.
Such a fiber enhances further over S ∩T ∩V (ã3) to a non-Kodaira fiber corresponding to a fiber of
type III∗ with some nodes contracted. The non-Kodaira fibers observed for the III+IVs-model were
already seen in the Is2+I
s
3-model but one codimension higher.
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6.1 Resolution I
The resolution I is defined by the following sequence of blowups:
X0 X1 X2 X3
(x, y, s∣e1) (x, y, t∣w1) (y,w1∣w2)
(6.2)
The proper transform of the III+IVs-model is
Y ∶ y(w2y + ã1se1tw1w2x + ã3st) = w1(e1x3 + ã2se1tx2 + ã4st2x + ã6s2t3). (6.3)
The projective coordinates are then given by[e1w1w2x ; e1w1w22y ; z = 1][w1w2x ; w1w22y ; s][x ; w2y ; t][y ; w1]. (6.4)
The fibral divisors are
Is2 ∶ ⎧⎪⎪⎨⎪⎪⎩D
s
0 ∶ s = w2y2 −w1e1x3 = 0,
Ds1 ∶ e1 = y(w2y + ã3st) − st2w1(ã4x + ã6st) = 0, (6.5)
Is3 ∶
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Dt0 ∶ t = w2y2 −w1e1x3 = 0,
Dt1 ∶ w1 = w2y + ã3st = 0,
Dt2 ∶ w2 = ã3sty −w1(e1x3 + ã2se1tx2 + ã4st2x + ã6s2t3) = 0. (6.6)
Over the generic point of the intersection of S and T , we get the following irreducible curves
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct0 → η00 ∶ s = t = w2y2 −w1e1x3 = 0,
Cs1 ∩Ct0 → η021 ∶ e1 = t = w2 = 0, η0A1 ∶ e1 = t = y = 0,
Cs1 ∩Ct1 → η11 ∶ e1 = w1 = w2y + ã3st = 0,
Cs1 ∩Ct2 → η021 ∶ e1 = w2 = t = 0, η21 ∶ e1 = w2 = ã3y − tw1(ã4x + ã6st) = 0.
(6.7)
The fiber over the generic point of S ∩ T has a structure given by Figure 16, and corresponds to a
fiber of type IV∗ with contracted nodes. At the collision S ∩ T , the components of the fibers III
and IVs degenerate as follows.
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0,
Cs1 2η
02
1 + 2η0A1 + η11 + η21,
Ct0 η
0
0 + η021 + 2η0A1 ,
Ct1 η
1
1,
Ct2 η
02
1 + η21.
(6.8)
η00 η
0A
1
2
η21
η021
2
η11
Figure 16: Fiber over the generic point of the locus S ∩ T in Resolution I of the III+IVs-model.
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We observe that this is identical to the fiber in the resolution I of the Is2 + Is3-model in codimension-
three over S ∩ T ∩ V (a1).
In order to get the weights of the curves, the intersection numbers are computed between the
codimension-two curves and the fibral divisors.
Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 -2 2 0 0 0 [-2;0,0] (3,1)
η0A1 1 -1 -1 0 1 [1;0,-1] (2,3)
η21 0 0 1 0 -1 [0;0,1] (1, 3¯)
η021 0 0 0 1 -1 [0;-1,1] (1,3)
η11 0 0 1 -2 1 [0;2,-1] (1,8)
Table 11: Weights of vertical curves and representations in the resolution I of the III+IVs-model.
We note that the sum of the two curves η021 + η0A1 produce the weight [1;−1,0] of the represen-
tation (2, 3¯). In the resolution I of the Is2 + Is3-model, the weight [1;−1,0] corresponds to η0B1 in
codimension-two, which splits into the two curves in codimension-three with the same weights as
η021 and η
0A
1 .
The fiber over the generic point of S ∩ T shown on Figure 16 specializes further when ã3 = 0:
on S ∩ T ∩ V (ã3) ∶ ⎧⎪⎪⎪⎨⎪⎪⎪⎩
η11 η
12
1 ,
η21 η
02
1 + η121 + η21, (6.9)
where the new curves are given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
η121 ∶ e1 = w1 = w2 = 0,
η021 ∶ e1 = w2 = t = 0,
η21 ∶ e1 = w2 = ã4x + ã6st = 0. (6.10)
The fiber over the generic point S∩T ∩V (ã3) is illustrated in Figure 17, and corresponds to a fiber
of type III∗ with contracted nodes.
η00 η
0A
1
2
η021
3
η121
2
η21
Figure 17: Fiber over the generic point of the locus S ∩ T ∩ V (ã3) in Resolution I of the III+IVs-
model.
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6.2 Resolution II
In this section, we study the resolution II in detail. As the resolution II requires making a first
blowup around a singular center, it is useful to rewrite equation (6.1) as
Y0 ∶ ⎧⎪⎪⎨⎪⎪⎩y(y + ã1p0x + ã3p0) = x
3 + ã2p0x2 + ã4p0tx + ã6p20t
p0 = st . (6.11)
The resolution II is then given by the following sequence of blowups
X0 X1 X2 X3
(x, y, p0∣p1) (y, t, p1∣w1) (t, p0∣w2)
. (6.12)
Where X0 = P[OB ⊕L ⊗2 ⊕L ⊗3]. The projective coordinates are then[p1w1x ∶ p1w21y ∶ z = 1][x ∶ w1y ∶ p0w2][y ∶ tw2 ∶ p1][t ∶ p0], (6.13)
and the proper transform is
Y ∶ ⎧⎪⎪⎨⎪⎪⎩y(w1y + ã1p0w2x + ã3p0w2) = p1x
3 + ã2p0p1w2x2 + ã4p0tw22x + ã6p20tw32
p0p1 = st . (6.14)
The variety X1 = Bl(x,y,p0)X0 has double point singularities on p0 = p1 = s = t = 0. The fibral divisors
are:
III ∶ ⎧⎪⎪⎨⎪⎪⎩D
s
0 ∶ s = p0 = w1y2 − p1x3 = 0
Ds1 ∶ s = p1 = y(w1y + ã1p0w2x + ã3p0w2) − (p1x3 + ã4p0tw22x + ã6p20tw32) = 0 (6.15)
IVs ∶ ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Dt0 ∶ w2 = p0p1 − st = w1y2 − p1x3 = 0
Dt1 ∶ t = p1 = w1y + ã1p0w2x + ã3p0w2 = 0
Dt2 ∶ w1 = p0p1 − st = y(ã1p0w2x + ã3p0w2) − (p1x3 + ã2p0p1w2x2 + ã4p0tw22x + ã6p20tw32) = 0
(6.16)
At the intersection of S and T , the fiber enhances to a non-Kodaira fiber presented in Figure
18. This is realized by the following splitting of curves.
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0 + η201
Cs1 η
2
01 + 2η021 + η11 + η21
Ct0 η
0
0 + η021
Ct1 η
1
1
Ct2 2η
2
01 + η021 + η21
(6.17)
The curves at the intersection are given by
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct1 Ð→ η00 ∶ s = p0 = w2 = w1y2 − p1x3 = 0
Cs0 ∩Ct2 Ð→ η20 ∶ s = p0 = w1 = p1 = 0
Cs1 ∩Ct0 Ð→ η021 ∶ s = p1 = w2 = w1 = 0
Cs1 ∩Ct1 Ð→ η11 ∶ s = p1 = t = w1y + ã3p0w2 = 0
Cs1 ∩Ct2 Ð→ η021 ∶ s = p1 = w1 = w2 = 0, η201 ∶ s = p1 = w1 = p0 = 0,
η21 ∶ s = p1 = w1 = ã3y − ã4tw2x + ã6p0tw22 = 0
(6.18)
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Note that we had the same fiber earlier in the resolution I of the Is2 + Is3-model in codimension-three
with a condition a1 = 0.
Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 -1 1 -1 0 1 [-1;0,-1] (2,3)
η201 -1 1 1 0 -1 [-1;0,1] (2, 3¯)
η11 0 0 1 -2 1 [0;2,-1] (1,8)
η021 1 -1 -1 1 0 [1;-1,0] (2, 3¯)
η21 1 -1 0 0 0 [1;0,0] (2,1)
Table 12: Weights of vertical curves and representations in the resolution II of the III+IVs-model.
The chain η021 +η201+η21 produces the weight [1;−1,1] of the representation (2,3). In the case of
the resolution II of the Is2 + Is3-model, the sum of the curves corresponds to η21 in codimension-two,
which splits into the three curves in codimension-three.
η00
η21
η11η
02
1
2
η201 2
Figure 18: Fiber over the generic point of the locus S ∩ T in Resolution II of the III+IVs-model.
There is an enhancement when ã3 as the two curves η
1
1 and η
2
1 degenerate as follows:
on S ∩ T ∩ V (ã3) ∶ ⎧⎪⎪⎪⎨⎪⎪⎪⎩
η11 η
12
1 ,
η21 η
02
1 + η121 + η21, (6.19)
where the new curves are given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
η121 ∶ s = p1 = t = w1 = 0,
η021 ∶ s = p1 = w1 = w2 = 0,
η21 ∶ s = p1 = w1 = ã4x − ã6p0w2 = 0. (6.20)
For this codimension-three enhancement, we get a non-Kodaira fiber corresponding to a non-Kodaira
fiber corresponding to a contracted fiber of type IV∗ as in Figure 19.
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η2012
η00 η
12
0
2
η121
2
η21
Figure 19: Fiber over the generic point of the locus S ∩ T ∩ V (ã3) in Resolution II of the III+IVs-
model.
6.3 Resolution III
The Resolution III is defined by the following sequence of blowups:
X0 X1 X2 X3
(x, y, t∣w1) (x, y, s∣e1) (y,w1∣w2)
(6.21)
The projective coordinates are then given by
[e1w1w2x ; e1w1w22y ; z = 1][e1x ; e1w2y ; t][x ; w2y ; s][y ; w1]. (6.22)
The proper transform is identical to equation (6.3).
On the intersection of S and T , we see the following curves:
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct0 Ð→ η00 ∶ s = t = w2y2 −w1e1x3 = 0,
Cs0 ∩Ct1 Ð→ η120 ∶ s = w1 = w2 = 0,
Cs0 ∩Ct2 Ð→ η201 ∶ s = w2 = e1 = 0, η120 ∶ s = w2 = w1 = 0,
Cs1 ∩Ct1 Ð→ η11 ∶ e1 = w1 = w2y + ã3st = 0,
Cs1 ∩Ct2 Ð→ η201 ∶ e1 = w2 = s = 0, η21 ∶ e1 = w2 = ã3y − tw1(ã4x + ã6st) = 0.
(6.23)
Hence, we can deduce that the five fibral divisors split in the following way to produce the fiber in
codimension-two, which is presented in Figure 20.
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0 + 2η120 + η201,
Cs1 η
2
01 + η11 + η21,
Ct0 η
0
0,
Ct1 η
12
0 + η11,
Ct2 η
12
0 + 2η201 + η21.
(6.24)
We observe that we had the same fiber earlier in the resolution III of the Is2 + Is3-model in
codimension-three with a condition a1 = 0.
In order to get the weights of the curves, the intersection numbers are computed between the
codimension-two curves and the fibral divisors.
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Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 0 0 -2 1 1 [0;-1,-1] (1,8)
η120 -1 1 1 -1 0 [-1;1,0] (2,3)
η11 1 -1 0 -1 1 [1;1,-1] (2, 3¯)
η201 0 0 0 1 -1 [0;-1,1] (1,3)
η21 1 -1 0 0 0 [1;0,0] (2,1)
Table 13: Weights of vertical curves and representations in the resolution III of the III+IVs-model
at the III+IVs collision.
η00 η
12
0
2
η11
η201
2
η21
Figure 20: Fiber over the generic point of the locus S ∩ T in Resolution III of the III+IVs-model.
The sum of the two curves η120 + η201 produce the weight [−1; 0,1] of the representation (2, 3¯).
Moreover, the sum of η201 + η21 produce the weight [1;−1,1], which corresponds to a representation(2,3). In the case of the resolution III of the Is2 + Is3-model, the former sum corresponds to η20 and
the latter sum corresponds to η21 in codimension-two.
Over S ∩ T ∩ V (ã3) the curve η21 splits as:
on S ∩ T ∩ V (ã3) ∶ ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
η11 η
12
1 ,
η21 η
12
1 + η21, (6.25)
where the new curves are given by⎧⎪⎪⎨⎪⎪⎩η
12
1 ∶ e1 = w1 = w2 = 0,
η21 ∶ e1 = w2 = ã4x + ã6st = 0. (6.26)
This corresponds to the codimension-three enhancement in Figure 21.
η2012
η00 η
12
0
2
η121
2
η21
Figure 21: Fiber over the generic point of the locus S ∩ T ∩ V (ã3) in Resolution III of the III+IVs-
model.
36
6.4 Resolution IV
The Resolution IV is defined by the following sequence of blowups
X0 X1 X2 X3.
(x, y, t∣w1) (y,w1∣w2) (x, y, s∣e1)
(6.27)
Its projective coordinates are then given by
[e1w1w2x ; e1w1w22y ; z = 1][e1x ; e1w2y ; t][e1y ; w1][x ; y ; s]. (6.28)
The proper transform is identical to equation (6.3).
Over the generic point of the intersection of S and T , we see the following irreducible vertical
curves.
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 ∩Ct0 Ð→ η00 ∶ s = t = w2y2 −w1e1x3 = 0,
Cs0 ∩Ct1 Ð→ η120 ∶ s = w1 = w2 = 0,
Cs0 ∩Ct2 Ð→ η2A0 ∶ s = w2 = x = 0, η201 ∶ s = w2 = e1 = 0, η120 ∶ s = w2 = w1 = 0
Cs1 ∩Ct2 Ð→ η201 ∶ e1 = w2 = s = 0, η21 ∶ e1 = w2 = ã3y − tw1(ã4x + ã6st) = 0.
(6.29)
The collision gives the following splitting of curves from the fiber III and IVs resulting in the fiber
illustrated in Figure 22:
On S ∩ T ∶
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Cs0 η
0
0 + 2η120 + 3η2A0 + η201,
Cs1 η
2
01 + η21,
Ct0 η
0
0,
Ct1 η
12
0 ,
Ct2 η
12
0 + 3η2A0 + 2η201 + η21.
(6.30)
η00 η
12
0
2
η2A0
3
η201
2
η21
Figure 22: Fiber over the generic point of the locus S ∩ T in Resolution IV of the III+IVs-model.
Note that we had the same fiber earlier in the resolution III of the Is2 + Is3-model in codimension-
three with a condition a1 = 0.
The weights of these vertical curves and the corresponding representations are collected in Table
14. In order to get the weights of the curves, the intersection numbers are computed between the
codimension-two curves and the fibral divisors.
The sum of the three curves η021 + η201 + η21 produce the weight [1;−1,1], which yields a represen-
tation (2,3). In the case of the resolution IV of the Is2 + Is3-model, the sum of the curves corresponds
to η21 in codimension-two, which splits into the three curves in codimension-three.
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Ds0 D
s
1 D
t
0 D
t
1 D
t
2 Weight Representation
η00 0 0 -2 1 1 [0;-1,-1] (1,8)
η120 0 0 1 -2 1 [0;2,-1] (1,8)
η2A0 -1 1 0 1 -1 [-1;-1,1] (2,3)
η201 1 -1 0 0 0 [1;0,0] (2,1)
η21 1 -1 0 0 0 [1;0,0] (2,1)
Table 14: Weights of vertical curves and representations in the resolution IV of the III+IVs.
The fiber specialize further over S ∩ T ∩ V (ã3) as the curve η21 becomes
on S ∩ T ∩ V (ã3) ∶ η21 → η21 ∶ e1 = w2 = ã4x + ã6st = 0. (6.31)
What is now different from other points of S ∩ T is that the curve η21 now intersect both η201 and
η2A0 at the same point resulting in a different fiber structure represented in Figure 23.
η00 η
12
0
2
η2A0
3
η21
η201
2
Figure 23: Fiber over the generic point of the locus S ∩ T ∩ V (ã3) in Resolution IV of the III+IVs-
model.
7 5d and 6d supergravity theories with eight supercharges
In this section, we discuss the five and six-dimensional theories with eight supercharges via Calabi–
Yau compactification of M-theory and F-theory on an SU(2)×SU(3)-model. We first compute the
one-loop prepotentials of the SU(2)×SU(3)-model in all eight chambers and match them with the
triple intersection numbers of the corresponding crepant resolutions to get the number of charged
hypermultiplets in each irreducible representations (fundamentals, adjoints, and bifundamental)
in Section 7.1. We then describe in Section 7.2 how the anomaly cancellation conditions in six-
dimensional theory with a gauge group can be derived with geometric data with number of charged
hypermultiplets as the unknowns. We return to our case for the gauge group SU(2)×SU(3) in
Section 7.3 and show that we get a unique solution of number of hypers for the six-dimensional
theory and find it to match with the result we got for the five-dimensional theory in Section 7.1.
7.1 5d N = 1 supergravity theory with a gauge group SU(2)×SU(3)
M-theory (an eleven-dimensional supergravity theory ) compactified on a Calabi–Yau threefold
yields a low energy physics that describes five-dimensional N = 1 supergravity. The field content
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and interactions of such a 5d theory are determined by the topology and intersection ring of the
Calabi–Yau threefold [15, 39]. When the Calabi–Yau threefold is a G-model, the resulting five-
dimensional supergravity has a gauge group G.
In the Coulomb phase of an N = 1 supergravity theory in five-dimensional spacetime, the
scalar fields of the vector multiplets are restricted to the Cartan sub-algebra of the Lie group as
the Lie group is broken to U(1)r where r is the rank of the group. It follows that the charge
of a hypermultiplet is simply given by a weight of the representation under which it transforms.
When the representation has zero weights, only the hypermultiplets charged by non-zero weights
are considered charged hypermultiplets. Let φ be in the Cartan subalgebra of a Lie algebra g. The
one-loop prepotential obtained by integrating out the charged hypermultiplets is [47]
6FIMS =1
2
⎛⎝∑α ∣⟨α,φ⟩∣3 −∑i ∑$∈Ri nRi ∣⟨$,φ⟩∣3⎞⎠ , (7.1)
where α are the simple roots, Ri are the irreducible representations of the gauge group, $ are the
weights of Ri . This one-loop prepotential is the quantum contribution to the prepotential of a
five-dimensional gauge theory with the matter fields in the representations of the gauge group. The
prepotential depends on the choice of a Coulomb chamber to get rid of the absolute values. We
compute it for each of the eight chambers of an SU(2)×SU(3)-model. The chambers are defined by
Table 5.
Theorem 7.1. The prepotential of an SU(2)×SU(3)-model in the eight phases defined by the
chambers of Table 5 are
• Chamber 1
6F
(1)
IMS = − 8(n1,8 − 1)φ31 − 32(n1,3 + n1,3¯ − 2n1,8 + 2)φ21φ2+ 3
2
(n1,3 + n1,3¯ + 2n1,8 − 2)φ1φ22 + (−n1,3 − n1,3¯ − 8n1,8 + 8)φ32− (n2,1 + 3n2,3 + 3n2,3¯ + 8n3,1 − 8)ψ31 − 6(n2,3 + n2,3¯)ψ1 (φ21 − φ1φ2 + φ22)
• Chamber 2
6F
(2)
IMS = − 8(n1,8 − 1)φ31 − 32(n1,3 + n1,3¯ − 2n1,8 + 2)φ21φ2 + 32(n1,3 + n1,3¯ + 2n1,8 − 2)φ1φ22− (n1,3 + n1,3¯ + 8n1,8 + n2,3 + n2,3¯ − 8)φ32 − (n2,1 + 2(n2,3 + n2,3¯ + 4n31 − 4))ψ31− 3(n2,3 + n2,3¯)ψ21φ2 − 3(n2,3 + n2,3¯)ψ1 (2φ21 − 2φ1φ2 + φ22)
• Chamber 3
6F
(3)
IMS = − (8n1,8 + n2,3 + n2,3¯ − 8)φ31 − 32(n1,3 + n1,3¯ − 2n1,8 + 2)φ21φ2+ 3
2
(n1,3 + n1,3¯ + 2n1,8 − 2)φ1φ22 + (−n1,3 − n1,3¯ − 8n1,8 − n2,3 − n2,3¯ + 8)φ32+ (−n2,1 − n2,3 − n2,3¯ − 8n3,1 + 8)ψ31 − 3(n2,3 + n2,3¯)ψ21 (φ1 + φ2)− 3(n2,3 + n2,3¯)ψ1 (φ21 − 2φ1φ2 + φ22)
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• Chamber 4
6F
(4)
IMS = − 8(n1,8 − 1)φ31 − 32(n1,3 + n1,3¯ − 2n1,8 + 2n2,3 + 2n2,3¯ + 2)φ21φ2+ 3
2
(n1,3 + n1,3¯ + 2n1,8 + 2n2,3 + 2n2,3¯ − 2)φ1φ22− (n1,3 + n1,3¯ + 8n1,8 + 2n2,3 + 2n2,3¯ − 8))φ32− (n2,1 + 8n3,1 − 8)ψ31 − 6(n2,3 + n2,3¯)ψ21φ2
The prepotential F
(i′)
IMS (for i = 1,2,3,4) is obtained from F (i)IMS by the involution φ1 ↔ φ2.
Proof. Direct computation starting with equation (7.1) and using Table 5 to remove the absolute
values.
Following [37], the number of hypermultiplets are computed by comparing the prepotential and
the triple intersection polynomial given in Theorem 3.11. Comparing the triple intersection numbers
obtained in the resolutions I, II, III, IV with the prepotentials computed respectively in chambers
1, 2, 3, 4, we get
n2,1 + 8n3,1 = 4LS + 2S2 − 3ST + 8, n1,8 = 1
2
(−LT + T 2 + 2),
n2,3 + n2,3 = ST, n1,3 + n1,3 = T (9L − 2S − 3T ). (7.2)
We see in particular that the numbers n2,1 and n3,1 are restricted by a linear relation but are not
fixed by this method. In the case of Calabi–Yau threefolds, the vanishing of the first Chern class
yields K = −L where K is the canonical class of the base B. Using Witten’s genus formula [79], we
get
n2,1 = −S(8K + 2S + 3T ), n3,1 = 1
2
(KS + S2 + 2). (7.3)
We notice that the number of (bi)fundamental matter is compatible with what is expected from the
technique of intersecting branes, and when the threefold is Calabi–Yau, K = −L and n1,8 becomes
the arithmetic genus of the curve T as expected from Witten’s genus formula.
7.2 Anomaly cancellations in general 6d N = (1,0) supergravity theory
F-theory compactified on a Calabi–Yau threefold gives a six-dimensional supergravity theory with
eight supercharges coupled to nV vector, nT tensor, and n
0
H neutral hypermultiplets [67]. When the
Calabi–Yau variety is elliptically-fibered with a gauge group G and a representation R [44, 69,71],
• the number of vectors: nV = dimG,
• the number of tensors: nT = 9 −K2,
• the number of hypers: nH = n0H + nchH with neutral hypers n0H = h2,1 + 1,
where K is the canonical class of the base Bstg of the elliptic fibration, and we have charged
hypermultiplets transforming in the representation R of G. We consider the semisimple gauge
group with simple components Ga such that G = ∑aGa.
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Six-dimensional N = (1,0) gauge theories can suffer from anomalies. We only care about local
anomalies: pure gravitational anomalies, pure gauge anomalies, and mixed gravitational and gauge
anomalies [44, 69, 71]. An effective way to address these anomalies are via using Green-Schwarz
mechanism in six-dimensions [45, 72, 73]. The anomaly polynomial I8 has a pure gravitational
contribution from the term proportional to the trR4, which is given by ∝ (nH−n(6)V +29nT−273)trR4,
where R is the Riemann tensor thought of as a 6 × 6 real matrix of two-form values. In order to
have vanishing gravitational anomalies, the coefficient of trR4 has to vanish [70]:
nH − n(6)V + 29nT − 273 = 0. (7.4)
The remainder terms of the anomaly polynomial I8 is given by [44,69,71]
I8 = K2
8
(trR2)2 + 1
6
∑
a
X(2)a trR2 − 23∑a X(4)a + 4∑a<bYab, (7.5)
where contributions from each simple gauge component X
(n)
a for n = 2,4 and the mixed contribution
Yab are given by [44,69,71]
X(n)a = tradjFna −∑
i
nRi,atrRi,aF
n
a , Yab =∑
i,j
nRi,a,Rj,btrRi,aF
2
a trRj,bF
2
b , (7.6)
where nRi,a,Rj,b is the number of hypermultiplets transforming in the representation (Ri,a,Rj,b) of
the gauge group Ga ×Gb. Note that the mixed term by computing all possible pairs of the simple
components of the gauge groups which are denoted by two indices.
It is important to note that when a representation is charged on both simple components of the
group, it affects not only Yab but also X
(2)
a and X
(4)
a . Consider a representation (R1,R2) for of a
semisimple group with two simple components G = G1 ×G2, where Ra is a representation of Ga.
Then this representation contributes dimR2 times to nR1 , and contributes dimR1 times to nR2 :
nR1 = ⋯+ dimR2 nR1,R2 , nR2 = ⋯+ dimR1 nR1,R2 . (7.7)
Siince the hypermultiplets of zero weights are neutral, we have to remove the neutral hyper-
multiplet contributions to get the charged dimension of the hypermultiplets in each irreducible
representation. By denoting the zero weights of a representation Ri as R
(0)
i , the charged dimension
of the hypermultiplets in representation Ri is given by [44]
dimRi − dimR(0)i .
For a representation Ri, nRi denotes the multiplicity of the representation Ri. Then the number
of charged hypermultiplets is given by [44]
nchH =∑
i
nRi (dimRi − dimR(0)i ) . (7.8)
The trace identities for a representation Ri,a of a simple group Ga are
trRi,aF
2
a = ARi,atrFaF 2a , trRi,aF 4a = BRi,atrFaF 4a +CRi,a(trFaF 2a )2 (7.9)
with respect to a reference representation Fa for each simple component Ga of the gauge group.
5
The coefficients ARi,a , BRi,a , and CRi,a depends on the gauge groups and are listed in [7, 38,78].
5We denoted this representation as Fa as we picked the fundamental representations for convenience. However,
any representation can be used as a reference representation.
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Then we can write the gauge contribution terms with respect to the coefficients from the trace
identities:
X(2)a = (Aa,adj −∑
i
nRi,aARi,a) trFaF 2a , (7.10)
X(4)a = (Ba,adj −∑
i
nRi,aBRi,a) trFaF 4a + (Ca,adj −∑
i
nRi,aCRi,a)(trFaF 2a )2, (7.11)
Yab =∑
i,j
nRi,a,Rj,bARi,aARj,btrFaF
2
a trFbF
2
b , (a ≠ b). (7.12)
For each simple component Ga, the anomaly polynomial I8 has a pure gauge contribution propor-
tional to the quartic term trF 4a , which is contained in equation (7.11). In order to have a vanishing
pure gauge anomalies, the coefficients of these terms have to vanish:
Ba,adj −∑
i
nRi,aBRi,a = 0.
When the coefficients of all quartic terms (trR4 and trF 4a ) vanish, the remaining part of the anomaly
polynomial I8 is⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
I8 = K28 (trR2)2 + 16 ∑aX(2)a trR2 − 23 ∑aX(4)a + 4∑a<b Yab,
X
(2)
a = (Aa,adj −∑i nRi,aARi,a) trFaF 2a , X(4)a = (Ca,adj −∑i nRi,aCRi,a) (trFaF 2a )2,
Yab = ∑i,j nRi,a,Rj,bARi,aARj,btrFaF 2a trFbF 2b , (a ≠ b).
(7.13)
The anomalies are canceled by the Green-Schwarz mechanism when I8 factorizes [45, 72, 73]. The
modification of the field strength H of the antisymmetric tensor B is
H = dB + 1
2
Kω3L + 2∑
a
Sa
λa
ωa,3Y , (7.14)
where ω3L and ωa,3Y are respectively the gravitational Yang–Mills and Chern–Simons terms. If I8
factors as
I8 =X ⋅X, X = 1
2
KtrR2 +∑
a
2
λa
SatrF
2
a , (7.15)
where the λa are normalization factors chosen such that the smallest topological charge of an em-
bedded SU(2) instanton in Ga is one [10, 58, 69]. This forces λa to be the Dynkin index of the
fundamental representation of Ga as summarized in Table 15 [69].
g An Bn Cn Dn E8 E7 E6 F4 G2
λ 1 2 1 2 60 12 6 6 2
Table 15: The normalization factors for each simple gauge algebra. See [58].
When I8 factors, the anomaly is canceled by adding the following Green-Schwarz counter-term
∆LGS ∝ 1
2
B ∧X, (7.16)
which implies that X carries string charges.
42
With all the local anomaly cancellation conditions in six-dimensions investigated, we can coalesce
as the set of equations with number of charged hypermultiplets in each irreducible representations
as unknwons. If the simple group Ga is supported on a divisor Sa, the local anomaly cancellation
conditions are the following equations [44,69,71]:
nT = 9 −K2, (7.17a)
nH − n(6)V + 29nT − 273 = 0, (7.17b)(Ba,adj −∑
i
nRi,aBRi,a) = 0, (7.17c)
λa (Aa,adj −∑
i
nRi,aARi,a) = 6K ⋅ Sa, (7.17d)
λ2a (Ca,adj −∑
i
nRi,aCRi,a) = −3S2a, (7.17e)
λaλb∑
i,j
nRi,a,Rj,bARi,aARj,b = Sa ⋅ Sb, (a ≠ b). (7.17f)
Assuming the first three equations hold, cancelling the anomalies is equivalent to factoring the
anomaly polynomial [44,69,71]
I8 = K2
8
(trR2)2 + 1
6
(X(2)1 +X(2)2 )trR2 − 23(X(4)1 +X(4)2 ) + 4Y12. (7.18)
To summarize, for a compactification on an elliptically-fibered Calabi–Yau threefold Y , the
number of multiplets is [44]
n
(6)
V = dimG, nT = h1,1(B) − 1 = 9 −K2, (7.19a)
nH = n0H + nchH = h2,1(Y ) + 1 +∑
i
nRi (dimRi − dimR(0)i ) , (7.19b)
where nRi is a number of hypermultiplets charged under each irreducible representation Ri that
satisfies equations (7.17).
7.3 Anomaly cancellations in 6d N = (1,0) supergravity theory
In this section, we check that the gravitational, gauge, and mixed gravitational-gauge anomalies of
the six-dimensional supergravity are all canceled when the Lie algebra and the representation are
g = A1 ⊕A2, R = (2,1)⊕ (1,3)⊕ (1, 3¯)⊕ (2,3)⊕ (2, 3¯)⊕ (3,1)⊕ (1,8).
We follow the approach of Sadov [71] (see also [44] and [64]) and use the notation of [31]. The
six-dimensional anomaly cancellation conditions put linear constraints on the number of charged
hypermultiplets transforming in each irreducible representations.
First, we recall that the Euler characteristic of a Calabi–Yau threefold defined as a crepant
resolution of the Weierstrass model of an SU(2)×SU(3)-model is
χ(Y ) = −6(10K2 + 5KS + 8KT + S2 + 2ST + 2T 2), (7.20)
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where S supports A1 and T supports A2. We also assume that S and T are smooth divisors
intersecting transversally.
We will use the anomaly cancellation conditions to explicitly compute the number of hypermulti-
plets transforming in each representation by requiring all anomalies to cancel. We will see that they
are the same as those found in five-dimensional supergravity by comparing the triple intersection
numbers of the fibral divisors and the cubic prepotentials in the Coulomb phase.
The Lie algebra of type A1 (resp. A2) only has a unique quartic Casimir invariant so that we
don’t have to impose the vanishing condition for the coefficients of tr F 41 (resp. tr F
4
2 ). We have
the following trace identities
tr3F
2
1 = 4tr2F 22 , tr3F 41 = 8(tr3F 21 )2, tr2F 41 = 12(tr2F 21 )2, (7.21)
tr8F
2
2 = 6tr3F 22 , tr8F 42 = 9(tr3F 22 )2, tr3F 42 = 12(tr3F 22 )2, (7.22)
which give
X
(2)
1 = (4 − 4n3,1 − n2,1 − 3n2,3 − 3n2,3¯) tr2F 21 ,
X
(2)
2 = (6 − 6n1,8 − n1,3 − n1,3¯ − 2n2,3 − 2n2,3¯) tr3F 22 ,
X
(4)
1 = (8 − 8n3,1 − 12n2,1 − 32n2,3 − 32n2,3¯)(tr2F 21 )2,
X
(4)
2 = (9 − 9n1,8 − 12n1,3 − 12n1,3¯ − n2,3 − n2,3¯)(tr3F 22 )2,
Y23 = (n2,3 + n2,3¯) tr3F 22 tr2F 21 .
(7.23)
Following Sadov, the anomaly cancellation conditions are [71]:
X
(2)
1 = 6KS tr2F 21 , X(2)2 = 6KT tr3F 22 ,
X
(4)
1 = −3S2(tr2F 21 )2, X(4)2 = −3T 2(tr3F 22 )2, Y23 = ST tr3F 22 tr2F 21 . (7.24)
Comparing the coefficients, we get the following linear equations
6(1 − n1,8) − (n1,3 + n1,3¯) − 2(n2,3 + n2,3¯) = 6KT, 4(1 − n3,1) − n2,1 − 3(n2,3 + n2,3¯) = 6KS,
9(1 − n1,8) − 1
2
(n1,3 + n1,3¯) − (n2,3 + n2,3¯) = −3T 2, 8(1 − n3,1) − 12n2,1 − 32(n2,3 + n2,3¯) = −3S2,
n2,3 + n2,3¯ = ST.
(7.25)
These linear equations have the following unique solution6
n1,8 = 1
2
(KT + T 2 + 2), n3,1 = 1
2
(KS + S2 + 2),
n2,1 = −S(8K + 2S + 3T ), n1,3 + n1,3¯ = −T (9K + 2S + 3T ), n2,3 + n2,3¯ = ST. (7.26)
These numbers have simple geometric interpretations. The numbers n1,8 and n3,1 are respectively
the genus of the curves T and S. The number n2,3 +n2,3¯ is the degree of S ⋅T (intersection number
6We recall that Witten’s genus formula asserts that the number of hypermultiplets charged under the adjoint
representation is given by the genus of the curve supporting the corresponding gauge group.
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of S and T ). The number n2,1 is the intersection number of S and the discriminant of the generic
fiber of Ds1. The number n1,3 + n1,3¯ is the intersection number of T and the discriminant of Dt2.
From here we can get the numbers of hypermultiplets n2 and n3+n3¯ tracing back from equation
(7.7):
n2 = −2(4K + S), n3 + n3¯ = −3T (3K + T ). (7.27)
We recall that the Hodge numbers of a crepant resolution of an SU(2)×SU(3)-model are (see
Theorem 3.10)
h1,1(Y ) = 14 −K2, h2,1(Y ) = 29K2 + 15KS + 24KT + 3S2 + 6ST + 6T 2 + 14. (7.28)
The total number of hypermultiplets is the sum of the number of neutral hypermultiplets (n0H =
h2,1(Y ) + 1) and the number of charged hypermultiplets7.
n0H = h2,1(Y ) + 1 = 29K2 + 15KS + 24KT + 3S2 + 6ST + 6T 2 + 15, (7.29)
nchH = 2n2,1 + 6(n2,3 + n2,3¯) + 3(n1,3 + n1,3¯) + (8 − 2)n1,8 + (3 − 1)n3,1. (7.30)
Thus, the total number of hypermultiplets is
nH = n0H + nchH = 29K2 + 23. (7.31)
The numbers of vector multiplets and tensor multiplets are
nT = 9 −K2, nV = dimG = dim SU(2) + dim SU(3) = 3 + 8 = 11. (7.32)
We can now check that the coefficient of tr R4 vanishes [70]:
nH − nV + 29nT − 273 = 0. (7.33)
Finally, we show that the anomaly polynomial I8 indeed factors as a perfect square:
I8 = K2
8
(trR2)2 + 1
6
(X(2)1 +X(2)2 )trR2 − 23(X(4)1 +X(4)2 ) + 4Y23,= 1
2
(1
2
K trR2 + 2S tr2F 21 + 2T tr3F 22 )2 . (7.34)
Hence, we conclude that all the local anomalies are canceled via Green-Schwarz mechanism.
The global anomalies for the Standard Model in 4d was discussed in Section 1.1 by examining
the fourth homotopy group of SU(2) and SU(3). Similarly, the global anomaly contributions from
SU(2) and SU(3) in six-dimensions can be discussed by looking into the sixth homotopy group for
SU(2) and SU(3), which are given by Z12 and Z6 respectively. Bershadsky and Vafa has shown that
this yields the linear constraints on the number of hypermultiplets [13]. In the case of SU(2) and
SU(3), we have: ⎧⎪⎪⎨⎪⎪⎩ SU(2) ∶ 4 − n2 = 0 mod 6,SU(3) ∶ n3 = 0 mod 6, (7.35)
7To count the charged hypermultiplets, each irreducible representation R contributes dimchR×nR where dimch R
is the number of non-zero weights of the representation R and nR is the number of hypermultiplets transforming in
the representation R [44].
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where n2 and n3 are the number of hypermultiplets transforming in the fundamental representation
of SU(2) and SU(3) respectively. Using equation (7.26), we immediately compute geometrically the
number of charged hypermultiplets as⎧⎪⎪⎨⎪⎪⎩ n2 = n2,1 + 3(n2,3 + n2,3) = −16(g(S) − 1) + 6S
2,
n3 = n1,3 + n1,3 + 2(n2,3 + n2,3) = −18(g(T ) − 1) + 6T 2, (7.36)
where g(S) and g(T ) are the genus of the curves supporting S and T respectively. By using these
conditions we find that the global anomalies of SU(3) always vanishes whereas SU(2) global anomaly
canceling condition is found to be
g(S) = 0 mod 3. (7.37)
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A Fiber enhancement
Type I2 Type III Type IV Type I3
Singular fiber
Our notation 2
Dual graph
Figure 24: Convention for Kodaira fibers of type I2, III, IV, and I3.
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2 2
2
a1 = 0
T
P1 = 0
a1 = 0
T
P1 = 0
T
a1 = 0
a1ã6 − ã3ã4 = 0
S
a1 = 0
P2 = 0 P2 = 0
S
a1 = 0
S
Table 16: Is2 + I
s
3, Resolution I, II, and III. P1 = ã24t − a21ã6 and P2 = ã33s − a1ã2ã23s + a21ã3ã4 − a31ã6.
The non-Kodaira fiber in codimension-three is a contraction of a IV∗.
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2 3 2
2
a1 = 0
T
P1 = 0
a1 = 0
T
P1 = 0
T
a1 = 0
a1ã6 − ã3ã4 = 0
S
a1 = 0
P2 = 0
P2 = 0
S
a1 = 0
S
Table 17: Is2 + I
s
3, Resolution IV. P1 = ã24t − a21ã6 and P2 = ã33s − a1ã2ã23s + a21ã3ã4 − a31ã6. The
non-Kodaira fiber is a contracted fiber of type IV∗.
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2 2
2
a21 + 4ã2t = 0
TP1 = 0
a21 + 4ã2t = 0
T
P1 = 0
T
a1 = 0
P3 = 0
S
a1 = 0
P2 = 0
P2 = 0
S
a1 = 0
S
Table 18: Ins2 + I
s
3 Resolution I and IV. P1 = −2ã24t+4ã2ã6t+a21ã6−2ã2ã23, P2 = ã33s−a1ã2ã23+a21ã3ã4−
a31ã6, and P3 = ã2ã23s − a1(a1ã6 − ã3ã4). The non-Kodaira fiber is a contraction of an I∗1 .
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22
a21 + 4ã2t = 0
T
P1 = 0
a21 + 4ã2t = 0
T
P1 = 0
T
a1 = 0
P3 = 0
S
a1 = 0
P2 = 0
P2 = 0
S
a1 = 0
S
Table 19: Ins2 + I
s
3 Resolution II. P1 = −2ã24t+4ã2ã6t+a21ã6−2ã2ã23, P2 = ã33s−a1ã2ã23+a21ã3ã4−a31ã6,
and P3 = ã2ã23s − a1(a1ã6 − ã3ã4). The non-Kodaira fiber is a contraction of an I∗1 .
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22
a21 + 4ã2t = 0
T
P1 = 0
a21 + 4ã2t = 0
T
P1 = 0
T
a1 = 0
P3 = 0
S
a1 = 0
P2 = 0
P2 = 0
S
a1 = 0
S
Table 20: Ins2 + I
s
3 Resolution III. P1 = −2ã24t+4ã2ã6t+a21ã6−2ã2ã23, P2 = ã33s−a1ã2ã23+a21ã3ã4−a31ã6,
and P3 = ã2ã23s − a1(a1ã6 − ã3ã4). The non-Kodaira fiber is a contraction of an I∗1 .
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21
2 2
2 3 2
2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
a1 = 0
P2 = 0
S
P2 = 0
a1 = 0
Table 21: III + Is3 Resolution I. P1 = ã23 + 4ã6t and P2 = ã33 − ã1ã2ã23s + ã21ã3ã4s − ã31ã6s2
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21
2 2
2 3 2
2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
a1 = 0
P2 = 0
S
P2 = 0
a1 = 0
Table 22: III + Is3 Resolution II. P1 = ã23 + 4ã6t and P2 = ã33 − ã1ã2ã23s + ã21ã3ã4s − ã31ã6s2
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21
2 2
2
2 2
2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
a1 = 0
P2 = 0
S
P2 = 0
a1 = 0
Table 23: III + Is3 Resolution III. P1 = ã23 + 4ã6t and P2 = ã33 − ã1ã2ã23s + ã21ã3ã4s − ã31ã6s2
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21
2 3 2
2 3 2
2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
a1 = 0
P2 = 0
S
P2 = 0
a1 = 0
Table 24: III + Is3 Resolution IV. P1 = ã23 + 4ã6t and P2 = ã33 − ã1ã2ã23s + ã21ã3ã4s − ã31ã6s2
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2 2
2 2
2 2 2
2
2 2
a1 = 0
P1 = 0
T
a1 = 0
P1 = 0
ã3 = 0
ã2 = 0
S
ã3 = 0
P2 = 0
Table 25: Ins2 +IVs or Is2+IVs, Resolution I. P1 = ã24 − ã21ã6t and P2 = ã22ã24 −4ã34s−4ã32ã6 +18ã2ã4ã6s−
27ã26s
2 for Ins2 +IVs, P2 = ã22ã24s − 4ã34 − 4ã32ã6s2 + 18ã2ã4ã6s2 − 27ã26s for Is2+IVs.
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2 2
2
2 2
2
2 2
a1 = 0
P1 = 0
T
a1 = 0
P1 = 0
ã3 = 0
ã2 = 0
S
ã3 = 0
P2 = 0
Table 26: Is2+IVs or Ins2 +IVs, Resolution II. P1 = ã24t−a21ã6 and P2 = ã22ã24−4ã34s−4ã32ã6+18ã2ã4ã6s−
27ã26s
2 for Ins2 +IVs, P2 = ã22ã24s − 4ã34 − 4ã32ã6s2 + 18ã2ã4ã6s2 − 27ã26s for Is2+IVs.
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2 2
2
2 2
2
2 2
a1 = 0
P1 = 0
T
a1 = 0
P1 = 0
ã3 = 0
ã2 = 0
S
ã3 = 0
P2 = 0
Table 27: Ins2 +IVs or Is2+IVs, Resolution III. P1 = ã24t−a21ã6 and P2 = ã22ã24−4ã34s−4ã32ã6+18ã2ã4ã6s−
27ã26s
2 for Ins2 +IVs, P2 = ã22ã24s − 4ã34 − 4ã32ã6s2 + 18ã2ã4ã6s2 − 27ã26s for Is2+IVs.
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2 3 2
2 2
2 2
2
2 2
a1 = 0
P1 = 0
T
a1 = 0
P1 = 0
ã3 = 0
ã2 = 0
S
ã3 = 0
P2 = 0
Table 28: Is2+IVs or Ins2 +IVs, Resolution IV. P1 = ã24t−a21ã6 and P2 = ã22ã24−4ã34s−4ã32ã6+18ã2ã4ã6s−
27ã26s
2 for Ins2 +IVs, P2 = ã22ã24s − 4ã34 − 4ã32ã6s2 + 18ã2ã4ã6s2 − 27ã26s for Is2+IVs.
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21
2 2
2 3 2
2
2 2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
ã3 = 0
P2 = 0
S
Table 29: III + IVs, Resolution I. P1 = ã23 +4ã6t and P2 = ã22ã24s−4ã34 −4ã32ã6s2 +18ã2ã4ã6s−27ã26s.
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21
2 2
2 3 2
2
2 2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
ã3 = 0
P2 = 0
S
Table 30: III + IVs Resolution II. P1 = ã23+4ã6t and P2 = ã22ã24s−4ã34−4ã32ã6s2+18ã2ã4ã6s−27ã26s.
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21
2 2
2
2 2
2
2 2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
ã3 = 0
P2 = 0
S
Table 31: III + IVs, Resolution III. P1 = ã23 + 4ã6t and P2 = ã22ã24s − 4ã34 − 4ã32ã6s2 + 18ã2ã4ã6s −
27ã26s. The non-Kodaira fiber in codimension-two is a contraction of a IV
∗ and its specialization in
codimension-three is a contraction of a III∗.
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21
2 2
2 3 2
2
2 2
P1 = 0
T
ã4 = 0
T
ã3 = 0
S
ã3 = 0
P2 = 0
S
Table 32: III + IVs, Resolution IV. P1 = ã23 + 4ã6t and P2 = ã22ã24s − 4ã34 − 4ã32ã6s2 + 18ã2ã4ã6s −
27ã26s. The non-Kodaira fiber in codimension-two is a contraction of a IV
∗ and its specialization in
codimension-three is a contraction of a III∗.
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